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Abstract
[bookmark: _Hlk68939852]The design development of new cold roll formed sections can lead to a significant reduction in material costs if the sections are optimised for strength performance considering the effect of shapes and change of material properties by cold working during the manufacturing process. In this paper, the buckling and ultimate strengths of cold roll formed channel and zed sections with intermediate stiffeners under distortional bending were studied using experimentally validated Finite Element (FE) models. The section strength was optimised using FE modelling and optimisation based on Design Of Experiments (DOE) and response surface methodology. A nonlinear FE model was first developed for a referenced section subject to four-point bending tests and the section’s dimensions and material properties were defined as geometric parameters using the DOE technique. A response surface was then used to determine the influences of the stiffeners’ location, shape, size, and cold working at the section corners and stiffener bends during the manufacturing process. A multi-objective genetic algorithm method was deployed to obtain optimal shapes for the sections with maximum buckling and ultimate strengths while keeping the same amount of material used. The results revealed that the ultimate bending moment capacities could be enhanced up to 17% and 25% for the channel and zed sections, respectively. Including the cold working effect had considerable enhancement in the ultimate moment capacities, with a maximum increase of 5%. The results of this study clearly demonstrated an efficient and effective approach to optimise design for strength performance of cold roll formed sections.
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[bookmark: _Toc19541541]Introduction
Cold rolled formed steel (CFS) structural sections have been used in a large range of applications. They have been used as secondary and primary members in building structures, both traditional and modular. Examples of secondary members are purlin, lintels, side rail, and gable systems, and of primary members are structural beams and columns. CFS profile systems are generally produced by cold roll forming and press-braking processes. The cold roll forming process is generally the most economic method. The number of roll stands required to form a section depends on the complexity of its cross sectional shape; this number can vary from 5 to in excess of 30 stands. It has the ability to design and manufacturing sections with various cross sectional shapes thereby meeting exact functional and structural requirements and making the construction process easier and faster. A critical requirement of the cold roll forming process is to reduce the initial steel strip width to a minimum, whilst maintaining the structural performance, leading to a minimum in the material cost.
Cold roll formed steel sections, as shown in Fig. 1 for typical structural members, are generally thin-walled structures provided high strength-to-weight ratios, whilst they are susceptible to different modes of buckling failure even at small loads. To improve the structural performance of cold roll formed sections such as buckling and ultimate strength, additional bends including ‘intermediate stiffeners’ or ribs were introduced in the sections [1-5], as also illustrated in Fig. 1. The use of longitudinal stiffeners subdivided the plate elements into smaller sub-elements with smaller width-to-thickness ratios and that significantly improved the buckling strength of the sections subject to compressive stresses or bending stresses. Usually, web stiffeners had angle shape whilst flange stiffeners had arc or semi-circular shapes. The new zed section with longitudinal complicated stiffeners in the web was developed [6] which suggested by placing the stiffeners about one fifth of the web, it could eliminate the problem of local buckling. This innovative web stiffener arrangement (as illustrated in Fig. 1(c)) was later applied for developing the longitudinally stiffened web channel section at Hadley Industries plc [7] to improve the buckling strength of channel sections [8]. The innovative shapes of web stiffeners added in the channel and zed sections generated further degree of cold working that enhanced the material yield strength in these locations. 
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Fig. 1.  Typical cold roll formed steel sections for structural members: channel section with stiffeners (a), zed section with stiffeners (b), zed section with complex stiffeners (c), and photo of different cold rolled formed sections (d) [7].
In recent years, a significant amount of studies has been conducted on the strength and design of CFS sections with web stiffeners [1-5]. However, there are limited investigations on optimal design of a section, accounting for the influence of the shape and position of stiffeners on the section subject to flexural stresses. Previous studies on the optimisation of CFS sections have primarily been limited to using analytical formulas or the methods available in the codes of design and specifications [9-11] to calculate the elastic buckling load and flexural strength of the structural members. In the studies [12, 13] the analytical equations were only used to maximize the second moment of area and minimize the cross-sectional area of CFS beams. The results provided an optimal shape obtained from arbitrary selected cross-sections. Similarly, the effective width method in AISI specification [9] was used to develop an optimal design of predefined orthodox CFS cross-sections including hat, I-, and zed- beams [14], lipped channel beams [15], hat-shape beams with and without the edge stiffeners [16]. These studies then proposed optimal design curves for various load levels. In the studies [17, 18]  the effective width method available in Eurocode 3 [11] was also used to calculate local, distortional, and global buckling strengths of flexural structural members. The strength capacities of different cross-sectional prototypes were optimised using genetic algorithms and particle swarm optimisation. A similar approach has been also used to optimise CFS beams for maximum stiffness to satisfy serviceability limit states [19]. Whilst this resulted in some innovative new cross section shapes, the optimal design sections were verified against Finite Element models which only accounted for material and geometric nonlinearities and imperfections. This method was feasible for rather conventional sections which had a distinction between web, flanges and lips and hence need to satisfy the dimensional limits required by the design standards [9,11]. However, this method could not be adopted when the aim was to generate novel, previously undiscovered shapes in a free-shape optimisation, as the conventional standards were typically not applicable. 
The combination between numerical and design methods, such as the Finite Strip Method [20] and the Direct Strength Method (DSM) [9], were used as an alternative in some of the recent optimisation studies of CFS structural members [21-31]. The DSM can be used to calculate the strength capacity based on the elastic critical local, distortional, and global buckling stresses and could therefore, in principle, be applied to any shapes subjected to the availability of experimental test data. The elastic buckling stresses could thereby be obtained from the Finite Strip Method. This method, however, has some shortcomings. For instance, the DSM equations have been generally developed based on the statistical correlation between a cross-sectional slenderness parameter and the ultimate strength capacity. This may exhibit a significant coefficient of variation that makes the results significantly cross-sectional dependent, resulted in providing less accurate predictions for certain cross-sections. The DSM does not also include distortional-global or local-distortional interactions [32], and therefore, that may lead to incorrect optimisation results when these buckling modes are dominant.    
To accurately predict the strength of CFS sections with complex intermediate stiffeners design rules available in standards and specifications could not be applied, it was due to complicated geometries and material properties at the stiffeners which were changed during section forming. These, however, could be overcome by utilising FE simulations which were capable of modelling complex process and sections [33, 34]. This could allow the reduction of the product material or improve the structural performance by optimising the process and subsequent products. However, there have been so far only few optimisation studies in which the optimisation of beams under bending was performed using Finite Element method accounting for geometric and material non-linearity and initial imperfections [35, 36]. A Simulated Annealing algorithm was combined with detailed nonlinear FE models to obtain hot-rolled H-beams with optimal flange shapes that could significantly improve the energy dissipation capacity [35]. In another relevant study, a Particle Swarm Optimisation algorithm was combined with detailed FE models to perform size optimisation of 15 CFS cross-sectional prototypes [36]. The optimised cross-sectional shapes were dissipated up to 60% more energy compared to commercially available lipped channel. However, these studies were reported to be substantially computationally expensive, and they were performed on high-performance computing systems. Besides, the FE models in [35] were not validated against experimental testing before using them for the optimisation process. The models used in the later study [36] were validated against four-point beam bending tests, whereas it was used for the optimisation of a cantilever beam. Most recently, a new practical approach that combined  the Finite Element modelling and optimisation utilising Design Of Experiment (DOE) was developed by Nguyen et al.  [37]. This was used to investigate a longitudinally stiffened channel section (the maximum buckling load was considered as the target for the optimisation) and a complex grating system (the maximum stresses were considered as the target for the optimisation).
Regarding optimisation, there have been very limited studies on the stiffener’s geometric effects including shape and position of the stiffeners to the section strength under bending [17, 18, 38]. In these numerical studies, it was generally assumed that the material properties at corner and bends of the intermediate stiffeners were the same with those at flat sections. This indicates that the effect of the cold working by the cold roll forming manufacturing process in enhancing the material properties at the stiffener’s corners was not considered. To the best of the authors’ knowledge, there are no optimal design studies on cold roll formed sections that took into account the effects of both the stiffeners’ geometry and the cold working effect on the strength of the sections.
In this paper, Finite Element analysis and optimisation using Design Of Experiments (DOE) and response surface methodology were combined as a new approach for finding optimal sections in flexural strength.  In particular, the optimisation of cold roll formed channel and zed sections with longitudinal intermediate stiffeners in the flanges and web under bending was obtained, whilst considering both the stiffeners’ geometry and cold working influences on their buckling and ultimate bending strength. To replicate four-point bending tests of industrial channel and zed sections in generating distortional buckling failure modes, a Finite Element model was developed and validated against the experimental data. The sections were then parameterized in terms of geometric dimensions and material properties at section’s stiffener bends and corners using the DOE technique. In this approach, the dimensions, the initial imperfections, and the cold working effect induced by cold roll forming were defined as input parameters in the Finite Element modelling. In the design of the experiments, a range of values were given to these parameters to determine sampling points. The values of the buckling and flexural developed stresses were defined as output parameters. Response surfaces were then constructed using these sampling points which combined DOE methods and mathematical statistics, continuously testing the specified points until the relationship between parameters was solved. The Kriging response surface was used to determine the influences of the stiffener’s properties on the section distortional buckling and flexural strength including its location, shape, size, and enhanced material properties by the cold working at the section corners and stiffener bends. Response surface optimisation was finally used to determine the geometric dimensions and material properties that obtained satisfied the objectives of maximising buckling loads and minimising flexural stresses (sections under the same applied loads), consequently leading to the optimal design of the channel and zed sections with the target performance of a maximum strength to weight ratio. The details of the process are explained in the following sections.

Finite element modelling and validation
[bookmark: _Hlk46836474]They were tested in four-point bending testing setup in the experimental testing programme carried out in Nguyen et al. [39] and the results were used for validation of the FE analysis. The original shapes of the selected channel and zed sections had two stiffeners positioned at an equal distance to the web centre, as shown in Fig. 2 with their cross sections and general dimensions. These sections are referred as the “reference sections” in this study. A pair of 2920 mm long channel or zed sections placing in parallel with a central span of 2691 mm was assembled in the test. Bracings were provided by attaching the steel angles 45×45 mm to the top and bottom flanges of two specimens; the bracing length was about 900 mm, symmetrical to the mid-span, that was similar to practical bracing distance in real applications. More detailed information about the reference experimental tests can be found in Nguyen et al. [39].
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Fig. 2.  The beam cross sections and dimensions (in mm) of (a) channel section, and (b) zed section used in experimental bending tests.
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[bookmark: _Toc16687635]
Fig. 3. FE symmetry model setup which shows boundary conditions and the mesh of the section in closer view (presented in the rectangular box). An example of the channel section.
[bookmark: _Hlk68256945]To model the four-point bending test of the sections,  FE analysis was performed using ANSYS (Version 18.1, ANSYS, Inc.)  [40]. The FE model setup including point load locations and boundary conditions is illustrated in Fig. 3. Only half of the test system was simulated due to symmetry. The connection positions of the angle-to-beam screws (in the actual test provided for the lateral bracing) were modelled using tie nodes at the central of the connection. These tie nodes were rigidly connected to three nodes from the compression / tension flanges and they were constrained to prevent from movement against the transverse direction. The connections of cleats attached to the web of the section were also modelled by sets of nodes at supports and loading points. Rigid connections were used to tie these nodes together by reference points at the centre of the nodes. These reference points at end supports were used to restrict against all the movements such as vertical, transverse and out-of-plane movements that included torsional rotations. The reference points at one-third of the beams were used to apply vertical loads. Additional restraints in longitudinal directions were also provided at nodes in their tension flanges at the mid-span line to restrict the sections from longitudinal movement. Hence, the beam specimens were simulated as four-point bending test simply supported at both ends. To retain the mesh size when the location and size of the web or flange stiffeners were changed, the mesh of the beam was assigned as a function of the section width and element size. The reference channel section was simulated using 70810 elements. The element type selected was SHELL181 which they are thin-shell elements having global displacements and rotations as degrees of freedom. More detailed information about FE nonlinear analysis were described in Qadir et al. [41].  
The shape and amplitude of initial geometric imperfection with the value of 1.55t, where t is section thickness, was employed for the FE analysis in this study as suggested in [41] (using the imperfection value of 1.55t  in the FE analysis was seen to provide the closest agreement in the initial stiffness and strength values compared to the experimental results with less than 1% difference). The material properties at flat regions and at corners and stiffener’s bends of the beam sections were assigned in the FE modelling. The material tensile tests performed in [39] were utilised for the flat regions, whilst the AISI North American specification’s model [10] was used to calculate the enhanced yield strength of material at corners and stiffener’s bends based on the flat regions material properties. The AISI model for determining the tensile yield strength,  of the corner was based on the Equation (1) below. 
=                                                                                                                                                                         
In which
and
Where: are yield stress and ultimate strength of the flat region material, R is inside corner/bend radius and t is the plate thickness. For cold roll formed sections, modest levels of strength enhancement of around 2.5% over the virgin coil material were observed in samples taken from web and flange elements [42]. Therefore, the changes of the mechanical properties of the material in the flat parts of the cold roll formed sections were negligible in this study. 
The flat region material properties of channel and zed sections were as follows: Poison’s ratio (ѵ) was equal to 0.3, a Young’s modulus (E) was equal to 205 , yield and ultimate strengths were equal to 519.40  and 550.00 respectively. As an example, 12 various corners and bends were defined in the FE modelling for the upper and lower part of the channel section because the section had a different radius at bends and corners. By taking advantage of symmetry, only six enhanced yield strengths were calculated at six corners and bends in the upper part of the section as shown in Table 1, which the values of and various corners radius yield strength  are also shown, in which are parameters, is the yield strength of the flat regions material, and R is inside corner/bend radius, as described in [41].
Table 1 Values of enhanced yield stresses due to cold working at corners and stiffener’s bends using theoretical formulae [10].
	

	

	      
	      
	       
	          
	            
	              

	
	
	
	R = 2.5 mm
	R = 2.6 mm
	R = 2.9 mm
	R = 5 mm
	R = 7.5 mm

	0.14
	1.20
	519.40
	586.29
	583.19
	[bookmark: _Hlk77897740]573.57
	[bookmark: _Hlk77897820]533.8
	519.40


A separate study was conducted to calibrate the AISI model for determining the tensile yield strength,  of the section corners and the stiffeners’ bends of the section entity. In this investigation, the yield and tensile strengths of the section corners and the stiffeners’ bends were obtained from tensile testing on curved coupons extracted from different section corners and stiffener bends’ positions. This was done on 12 different channel and zed sections (6 for each section) with the inside corner/bend radius R taken values from 2 mm to 5 mm, and the experimental measurements were compared with the tensile yield strength, , obtained by the AISI model (Equation (1)). It was found that the AISI model’s predicted values were comparable with the measured values, with a mean difference of 12% and a standard deviation of 4%. Therefore, the AISI model was used in this paper for the optimisation study. 
In this study, a straight line with a constant slope of E/50 was used to model the inelastic region of the stress-strain curve as suggested in [43], where E is taken from the elastic modulus of the flat regions of the material tests. Fig. 4 shows the stress-strain curves obtained from corners and stiffeners’ bends of the section by using the suggested models [43] and were implemented in the FE simulations. The load-displacement curves obtained from using the stress-strain data obtained from the tensile tests [39] and the suggested stress-strain model, as shown in Fig. 4, were compared for the validation purpose. It was observed that the difference in the stiffness and ultimate load capacity was insignificant (less than 0.8%). Therefore, the proposed stress-strain model obtained in Fig. 4 was employed for the optimisation study in this paper. 
[image: ][image: ]Fig. 4. Finite Element stress-strain curves for materials at section corners and stiffeners’ bends. An example of the channel section.
The validation process showed that that the stiffness and ultimate strength of the sections obtained by the FE models agreed very well with those of the experimental test for both channel and zed sections, as shown in Fig. 5. In addition, typical deformation shapes at failure obtained by experimental tests and FE modelling results were compared in Fig. 6 for the channel section. It was observed that the distortional buckling mode shape of the failed specimens was well represented by the FE models. In particular, the horizontal movement of the compressed web-flange corner  and the inward compressed flange-lip motion  in post buckling state of the channel cross section were 0 mm and 11 mm at failure, respectively; this clearly indicated the distortional buckling mode of failure of the section. Overall, the FE model showed a slightly higher stiffness in comparison to the experimental one before peak load. The maximum difference in the peak load between FE and experiment results was 1% conservative, whilst for the displacement was 4% nonconservative. It was found that cold working influence on stiffness and strength of the channel beam was insignificant because the distortional buckling slenderness in the section was very high and the beam failed by distortional buckling stress before it reached its yield strength capacity. If the buckling stresses reached the yield strength, then the cold working effect would be more significant. 


[bookmark: _Toc16687639]Fig. 5. The comparison of load-displacement curves between experimental results and Finite Element models for sections with and without cold working effect (a) channel section, and (b) zed section.
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Fig. 6. The comparison of deformed shapes between experimental results and Finite Element models: (a) Failure deformed shapes for the channel sections captured from experimental tests; (b) isometric view, (c) front view, and (d) back view of Finite Element models), and un-deformed and deformed cross sections (e). Values of deformation presented as per colour contour and arranged from green to blue with lowest values in green region
       
Optimisation method
An optimisation study was performed to investigate the effect of changing flange and web stiffeners’ positions, sizes, shapes, and increased material yield strength at corners and stiffeners’ bends on the section’s structural performance including buckling load and ultimate bending strengths. The optimisation was carried out by implementing the validated FE models in Section 2. The FE results obtained when varying the parameters and they were arranged in a way that the entire positive effects on the section flexural strengths could be obtained, resulted in an optimum design of the sections. The “reference sections” implied the channel and zed sections that utilised in the experimental testing together with their bending setup in Section 2. In the optimisation process, the height  and thickness  of the section were not changed, and the total length of the channel and zed sections were also fixed. This was to maintain the same weight of the section, whilst seeking the maximum buckling loads and the maximum flexural strength of the beams. The stress-strain curves at the flat regions were assumed to be the same, while they varied at corner locations and at the stiffeners’ bend regions to account for the cold working influence. The reference sections had the stress-strain curves at flat, stiffener’s bend and corner regions determined in Section 2 as well as a value of 1.55 for the initial geometric imperfection amplitude. Other material properties include an elastic modulus E of 205 GPa and a Poisson’s ratio ѵ of 0.3      
Fig. 7(a) and Fig. 7(b) show the channel section without and with flange stiffeners, respectively, with all the design parameters. The channel reference section had the values of 170.10 mm and 1.60 mm for  and , respectively. In these figures  and  are the location of the stiffener at the web away from the flange-web junction,  is the width (size) of web stiffener,  is the lip length (the edge stiffener width), is the radius of the section corners,  and are the angle of rotation of the web stiffener,  is the flange width,  is the location of the flange stiffener moved away from the flange-web junction, and  and  are the flange stiffener size (a circular shape was assumed for the flange stiffener). The reference section had  = 10.53 mm,  13.61 mm,  12.35 mm,  mm,  = 0o and  360o. There was a total of 270 combinations between , ,   , , and , considering values between lower bound of 1.00 mm and upper bound of 40.53 mm for  and , lower bound of 5.61 mm and upper bound of 23.61 mm for , lower bound of 2.90 mm and upper bound of 7.50 mm for , lower bound of 0o and upper bound of 20o degrees for  and lower bound of 340o degrees and upper bound of 360o degrees (equivalent of 0o) for . Hence, the buckling load and flexural strength values by accounting for the cold working effect were obtained for each change of the parameters and the results were compared to investigate the influence of these parameters. Table 2 lists the ranges of values considered for the optimisation of channel sections. 
The design parameters for zed sections without and with flange stiffeners are shown in Fig. 7(c) and Fig. 7(d), respectively.  The reference zed section had the values of 170.0 mm and 1.6 mm for  and , respectively.   and  are the location of the web stiffeners from the flange-web junctions,  and  are the width of the edge stiffeners, is the radius of the section corners assumed to be constant,  and are the width (size) of the web stiffeners,  and  are the angle of rotation of the web stiffeners,  and  are the angle of rotation of the edge stiffeners,   and  are the width of flanges for the zed section without flange stiffeners, whereas  and  represent the  position of the flange stiffeners moved away from flange-web junction for the zed section with flange stiffeners,  and  denote the size of the flange stiffeners (a circular shape was assumed for the flange stiffener), and finally  and  are the width of flanges. Ranges of parameter values considered for the optimisation of zed sections are shown in Table 2.
The buckling loads () and the flexural developed stresses () are the output parameters for the channel section, and the buckling loads () and the flexural developed stresses () are the output parameters for the zed section.
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Fig. 7. Dimension parameters used in the Design Of Experiments and optimization process, of the channel sections (a) sections have no flange stiffeners and (b) sections have flange stiffeners, and of the zed sections (c) sections have no flange stiffeners and (d) sections have flange stiffeners.
Table 2 Ranges of values considered for the optimisation process (in mm for length parameters and degrees for angle parameters).
	Parameter
	Lower bound
	Upper bound
	Parameter
	Lower bound
	Upper bound

	Channel section without flange stiffeners
	Channel section with flange stiffeners 

	
	1.0
	40.5
	
	1.0
	40.5

	
	1.0
	40.5
	
	1.0
	40.5

	
	5.6
	23.6
	
	5.6
	23.6

	
	12.4
	18.4
	
	12.4
	18.4

	
	2.9
	7.5
	
	2.9
	7.5

	
	0°
	20°
	
	0°
	20°

	
	340°
	360°
	
	340°
	360°

	-
	-
	-
	
	5.0
	20.0

	-
	-
	-
	
	1.0
	5.0

	-
	-
	-
	
	1.0
	5.0

	Zed section without flange stiffeners
	Zed section with flange stiffeners 

	
	1.0
	50.0
	
	1.0
	50.0

	
	1.0
	50.0
	
	1.0
	50.0

	
	12.6
	24.6
	
	12.6
	24.6

	
	11.1
	23.1
	
	11.1
	23.1

	
	3.3
	3.3
	
	3.3
	3.3

	
	11.2
	21.2
	
	11.2
	21.2

	
	12.6
	22.6
	
	12.6
	22.6

	
	0.0°
	30°
	
	0°
	40°

	
	0.0°
	30°
	
	0°
	40°

	
	0.0°
	20°
	
	0°
	20°

	
	0.0°
	20°
	
	0°
	20°

	-
	-
	-
	
	5.0
	20.0

	-
	-
	-
	
	5.0
	20.0

	-
	-
	-
	
	1.0
	5.0

	-
	-
	-
	
	1.0
	5.0



Flow chart for FE modelling and optimisation
[bookmark: _Hlk66107242]Fig. 8 shows the calculation procedures performed in this study. First, the 3-D geometry of the section was built, allowing for the dimensions of the stiffeners and section to be parameterised (the positions, size and shape of web stiffeners, the size of edge stiffeners and section corners, the positions of flange stiffener, and the size of flange stiffener). Next, the Finite Element model was built and linear buckling analysis was carried out on the perfect beam with the reference dimensions before conducting eigenvalue buckling analysis to obtain its buckling mode shapes. Then, the nonlinear post-buckling analysis was performed including geometry and material nonlinearity, initial geometric imperfections, and the cold working effect at section corners and stiffeners’ bends assigned via material properties at corners as described in Section 2. This linked setup in ANSYS allowed the three analysis systems to share the same resources such as material data, geometry, and boundary condition type definitions. The process of varying all the parameters was carried out with Design Of Experiments in which each parameter was assigned three different values in the range from lower bound to upper bound values. The target responses selected in this study were maximum buckling loads and minimum stresses in the sections while keeping the weight of sections constant. Finally, response surfaces were calculated, where each response was a response surface function of all the selected parameters and was treated as an objective.  The best design candidates (sections) were selected using a multi-objective genetic algorithm. 



Establishing the geometry of the reference section and parameterising the dimensions to be investigated
Finite Element
Analysis Systems

	
  Nonlinear post-buckling analysis with reference dimensions 
Eigenvalue analysis to obtain its buckling mode shapes 
Building FE model and conducting linear buckling analysis at initial dimensions 
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Design of Experiments and Optimisation System

Adding random 
verification points and
checking goodness of fit

Turning verification points to refinement points for improving response surface

Good fit

Performing optimisation and obtaining the best design candidates

Bad fit


      Fig. 8. The flowchart of the FE modelling and optimisation processes.

Design of Experiment
Design Of Experiments (DoE) can be defined as a technique used for planning experiments and obtaining the information for analysing the influence of input parameters on output parameters. A number of experiments is performed by the DoE technique to obtain sufficient information from varying several experimental parameters systematically and simultaneously. The input variables for each of experiments can be changed purposefully in a series of runs, or tests. Collecting the data at each run to be used for identifying the process conditions and product components which influence the investigated quantities, and then determine the factor settings that optimise results. In this study, design points of the DOE were manually added to the design points table by introducing the parameters and the desired levels into which they required to be divided (using the Custom DOE in ANSYS). This was used with enough points entered to fill sampling space efficiently so that a good fitting could be created for the response surface. It was therefore possible to efficiently determine the location of sampling points for the geometries of the channel and zed sections with complex immediate stiffeners.        
In this approach, the dimensions of the channel and zed sections were parameterised to be used in the FE models and these parameters were given a range of values, as shown in Table 2, to obtain output parameter values that could achieve the target objectives in the optimisation process. This was performed under different level of applied loads, searching for the sections that could withstand maximum loads before they failed. In the DOE method, the cross-sectional shapes that resisted maximum applied load were selected as the best design candidates. 
Response Surface
In general, Response Surfaces (RS) are defined as functions in which the output parameters are described in terms of the input parameters. In this study, the sampling points obtained from DOE method were used to construct a Response Surface, which combined DOE methods and mathematical statistics, continuously testing the specified points until the relationship between the input parameters was solved. This was used to construct the approximation of target parameters in a global design space through estimating the set of input parameters and yield an optimal response. In this study, Kriging-based response surface method [44, 45] was used as an accurate multidimensional interpolation that combines a polynomial model, which provides a “global” model of the design space and local deviation; this enables efficiently interpolating the DOE points. This method is a meta-modelling algorithm that provides an improved response quality and fits higher order variations of the output parameter. It is efficient in numerous cases particularly when the output response is highly nonlinear. The method can be expressed as:
                                                                                                     (2)
where   is the unknown function of interest,  is a known function (usually polynomial) of , and  is the realization of a normally distributed Gaussian random process with mean zero, variance , and non-zero covariance. The  term is similar to the polynomial model in a response surface and provides a "global" model of the design space. While   "globally" approximates the design space,  creates "localized" deviations so that the Kriging model interpolates the  sample data points. The covariance matrix of  is given by:
                                                                               (3)
where  is the correlation matrix and  is the spatial correlation of the function between any two of the   sample points. The correlation function  is a Gaussian correlation function:
[bookmark: _Hlk40714849]
The unknown parameters  used to fit the model are found by maximizing the following equation in which both  and  are functions of :
                                                                            (5)
While any values for create an interpolative model, the “best” Kriging model is found by solving the k-dimensional unconstrained non-linear optimization problem given by Eqn. (5). The effectiveness of the RS is generally verified by Goodness of Fit metrics and Verification Points in the optimisation processes. Kriging fits the RS through all design points, which cannot be verified by only Goodness of Fit metrics. Thus, a randomly generated verification points was used with Goodness of Fit to verify the effectiveness of the RS in this study.  It should be noted that the verification points were used to ensure the response surface approximates the output parameter values accurately. After the response surface was obtained, the verification points were placed in the ANSYS software, manually or through a CSV file, in the locations to maximise the distance from refinement points and their corresponding DOE points. These points were then compared with the predicted response surface values to calculate the difference and assess the accuracy of the predictions.
  The RS was then used to plot the response (output) versus each of the input parameters (i.e. single and double) and to perform sensitivity analyses. This could allow the selection of a single parameter to which the outputs (buckling load and flexural stresses) were sensitive. All the input parameters were found to be sensitive to the outputs in this study. Therefore, all the input parameters were included to conduct the optimisation.

Optimisation process
Once the response surfaces were generated and the correlations between input and output parameters were obtained, the final step was to optimise the channel and zed sections under bending for the objectives of maximum buckling loads and minimum flexural stresses. In this study, the Response Surface Optimisation using Multi-Objective Genetic Algorithm (MOGA) was adopted to determine the most suitable candidates and ultimately identify the optimal design of the sections. Genetic Algorithm (GA) is an efficient evolutionary optimisation method for finding global optimal solutions in a large domain space [46-48]. It begins with a random selection of population of solutions, whose individuals are represented in the form of chromosomes and progressed through a simulated evolution to obtain the global optimum. It involves chromosome representation, genetic operations and the fitness evaluation to efficiently select, crossover and mutate chromosomes, in order to form a new and improved population. The value of fitness function, which is identified by the objective function (the objective function in this research was to maximise buckling loads and minimise the flexural stresses), was used for generation of improved off-springs from the current generation, with the GA operations depending on its value to evaluate the population members performance. The new population replaces previous one in the next iteration and over successive generations, the population evolves toward an optimal solution or Pareto frontier. Multi-objective Genetic Algorithm (MOGA) means optimising several objectives simultaneously. A multi-objective problem is solved to achieve one of the important goals of determining a ‘Pareto frontier’. The set of the best design points is shown by ‘Pareto frontier’ that each point provides an optimal design. Mathematically, the objective function of parameters   for the  application can be expressed as   with   and . The best feasible solution for one single objective can be found by  with the constraint , . In which,  is the total number of design parameters,  is the total number of objective functions,  is the total number of parameters (ANSYS Documents, Version 18.1, ANSYS, Inc.). 
In this study, the multi-objective optimisation functions were established as:  with the constraint , in which  and  are the maximum buckling load and the minimum flexural stress of the sections, respectively; , constrained between the lower bound,  , and the upper bound,  , was the kth design variable. As it was assumed that all objective functions were to be minimised, to maximise an objective function it could be multiplied by minus, or be inversed. 

Results and discussion
This section reports the results obtained from changing the parameters in the optimisation process. These include the effects of the intermediate flange and web stiffeners’ locations, sizes, shapes, and enhanced material yield strength due to cold working at corners and stiffeners’ bends on the section buckling and flexural strengths. DOEs were performed to determine the optimal configuration of channel and zed sections. Once the DOEs had completed, the Kriging-based model was used to construct the response surface without refinement. Subsequently, 30 verification points were simulated and used, along with the DOE points, to check the quality of DOE predictions. Once the optimal DOE was selected, by changing the aforementioned design parameters their influence on the section buckling loads and flexural stresses was investigated. Finally, Response Surface Optimisation was performed using the MOGA method to determine the design candidates that led to the maximum buckling loads and minimum flexural stresses of the channel and zed sections.
[bookmark: _Hlk46836487]Design Of Experiment quality metrics 
Fig.9 presents the comparison between the value of the buckling loads (Total Deformation Load Multiplier ) and flexural developed stresses (Equivalent Stress Maximum ) of design points as well as the predicted values from response surface for zed sections. Verification points simulated to check the quality of DOE predictions are also shown in this figure. The black line shows the line in which the points could have a predicted value from response surface equal to the observed one in the design points. It could be seen that the generated response surface could provide relatively accurate results. Hence, the response surface can be efficiently used for future analysis in the proposed optimisation process.
[image: ]
Fig. 9. Normalised charts of the predicted values versus observed values of the section’s buckling load and maximum flexural stress for DOE configuration obtained for the zed section with flange and web stiffeners. Square points are the DOE points and circular ones are the verification points. 
[bookmark: _Hlk46836644][bookmark: _Hlk44629168]DOE and response surface results
[bookmark: _Hlk44628463]The buckling loads (Total Deformation Load Multiplier) and flexural developed stresses (Equivalent Stress Maximum) results obtained from changing the key parameters are presented in this section. The parameters investigated include the flange and web intermediate stiffeners’ locations, sizes, shapes and cold working influence at corners and stiffeners’ bends. The results were obtained from performing Eigenvalue buckling analysis under a unite applied load and performing non-linear buckling analysis under applied load of 46 kN (different values of applied load were tested ranging from 40 to 60 kN in the optimisation process for channel and zed sections, but the applied load of 46 kN was selected to obtain results in this study because most of sections were able to withstand this load level just before approaching the ultimate strength and failed).  Under this applied load, the sections developed smaller flexural stresses in comparison with those developed greater flexural stresses, indicating that they had higher ultimate loads when the applied load was continuously increased until the sections failed. As an example, Table 3 shows the typical results of the response surfaces of the single parameter p1 with initial values for the channel and zed sections with web and flange stiffeners, showing the effect of this parameter to the objective values of buckling loads and flexural stresses. 
Table 3 Single parameter response for different positions of web stiffeners  of channel and zed sections.
	Parameter  (mm)
	Buckling load (kN)
	Developed stress (MPa)

	
	channel
	zed
	channel
	zed

	1.0
	15.5
	12.9
	512.5
	530.8

	5.0
	15.4
	12.9
	512.9
	530.8

	10.0
	15.3
	12.8
	513.6
	530.7

	20.0
	15.2
	12.8
	515.3
	530.6

	30.0
	15.1
	12.9
	517.3
	530.8

	40.0
	15.0
	13.1
	519.1
	531.4

	50.0
	-
	13.3
	-
	532.3



[bookmark: _Hlk44456656]It could be seen from Table 3 that buckling loads gradually decreased to their lowest point and flexural stresses increased gradually to their highest point around  and  for the channel and zed section, respectively. Increasing  was the same as moving the stiffeners away from the flange-web junction of the section. The reduction in the buckling loads and increasing in the flexural developed stresses was because increasing  produced new channel sections with a reduction in the section modulus  and an increase in the buckling slenderness . In combination, the buckling loads were reduced by 4% and the stresses were increased by 6%.  However, the increasing in the buckling loads and flexural stresses in the zed section was because it produced new zed sections with a reduction in both the buckling slenderness  and in the section modulus , and consequently a reduction in the product form of these quantities. Therefore, the buckling loads were increased by 4% and the flexural stresses were slightly increased when increasing . 
In general, the local sensitivity reflects the change of the outputs in association of the change of inputs independently. In this study, the local sensitivities were calculated based on the difference between the minimum and maximum value obtained by varying one input parameter while holding all other input parameters constant. A positive value of the sensitivity indicates that as the input parameter value increases, the output value increases as well. A negative value however means that increasing the input parameter value decreases the output value. Figs. 10 (a-b) show the sensitivities of the output parameters that included the buckling load () and the flexural developed stress () that were based on the input parameters for channel section with flange stiffeners: , , , , , , , , , and  (see Figs. 7(a) and 7(b)). Figs. 10 (c-d) show the sensitivities of the output parameters that included the buckling load () and the flexural developed stress () that were based on the input parameters for zed section with flange stiffeners: , , , , , , , , , and  (see Figs. 7(c) and 7(d)).  
It could be seen that for channel sections, increasing the web stiffener’s positions from the web-flange junction ( and ) reduced the buckling loads with a sensitivity of around 4% and increased the flexural stresses with a sensitivity of up to 24%. This meant that placing the stiffeners as much close as possible to the web-flange junction was the effective way to increase the buckling and ultimate strengths of the section. Regarding the section corner’s radius (), which is linked to the cold working effect, it was observed that reducing the corner’s radius values could also be an effective way to increase the section strengths. However, it was revealed that increasing the web stiffener’s sizes and shapes (through the web stiffener’s sizes ( and the web stiffener’s shapes ( and )) was the most effective way to increase the section strengths, with up to 38% effect on the buckling loads and 20% effect on the flexural developed stresses. Increasing the edge stiffener () was also one of the most effective solutions, with up to 38% and 25% effect on increasing the buckling loads and decreasing the flexural stresses, respectively.  
For zed sections, increasing the web stiffener’s positions from the web-flange junction ( and ) increased the buckling loads with a sensitivity of around 5% and increased the flexural stresses with a sensitivity of up to 9%. It could be seen that increasing the web stiffener’s sizes and shapes (through the web stiffener’s sizes ( and ) and the web stiffener’s shapes ()) was one of the most effective ways to increase the section strengths, with up to 5% effect on increasing the buckling loads and 12% effect on decreasing the flexural stresses.  However, increasing the edge stiffener’s sizes ( and ) was the most effective solution, with up to 15% and 17% positive effect on the buckling loads and the flexural stresses, respectively. The sensitivity effect of the angle between the edge stiffeners and flanges ( and ) shows that reducing the angle values was also an efficient way to increase the section strength.  
 
 
Fig. 10. The local sensitivity bar chart of single parameters obtained for the channel section with flange stiffeners (a) buckling loads and (b) flexural developed stresses, and for the zed section with flange stiffeners (c) buckling loads, and (d) flexural developed stresses.
Fig. 11 shows the typical 3-D response surfaces of the buckling loads and flexural stresses for channel sections, which are used to quantify the effect of different combinations of any two input parameters on the buckling loads (denoted by p13) and flexural stresses (denoted by p14). With the decrease of the values of the parameters p1 and p2, the buckling loads increased (see Fig. 11(a)), while the flexural stresses decreased (see Fig. 11(b)). It can be also noted that by increasing the values of the parameters, p3 and p6, the buckling loads increased as shown in Fig. 11(c), while the flexural stresses decreased as illustrated in Fig. 11(d).  
Fig. 12 shows the typical 3-D response surfaces of the buckling loads and flexural stresses for zed sections. These results can quantify the effect of different combinations of any two input parameters on the buckling loads (denoted by p18) and flexural stresses (denoted by p19). As shown in Fig. 12(a), by decreasing the values of the parameters p1 and p2, particularly from 20 mm, the buckling loads increased. Fig. 12(b) shows that this also results in a decrease in the flexural stresses. By increasing the values of the parameters p6 and p8, the buckling loads decreased as shown in Fig. 12(c), and the flexural stresses also decreased as depicted in Fig. 12(d).  
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Fig. 11. Double parameters response of the channel sections for different positions of web stiffeners  and  on (a) buckling loads and (b) flexural developed stresses, and for different sizes of edge and web stiffeners  and  on (c) buckling loads and (d) flexural developed stresses.
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Fig. 12. Double parameters response of the zed sections for different positions of web stiffeners  and  on (a) buckling loads and (b) flexural developed stresses, and for different sizes of web stiffeners through the angle parameters  and  on (c) buckling loads and (d) flexural developed stresses.
MOGA optimisation results
Based on the results of the response surface analysis, the Multi-Objective Genetic Algorithm (MOGA) was used as the search engine to find the candidate optimal results to minimise the selected multi-objective function. In this study, for channel sections, the design variables: , , , , , , , , , and , were chosen as the input parameters of the MOGA, the output parameters were the maximum buckling load, p13, and the minimum flexural developed stress, p14. For zed sections, the design variables were , , , , , , , , , and , and the output parameters were the maximum buckling load, p18, and the minimum flexural developed stress, p19. Several different scenarios were used to determine optimal design candidates. These included (1) minimising the flexural developed stresses (largest flexural stress in a single analysis), (2) maximising buckling loads, and (3) minimising the flexural developed stresses and maximising buckling loads at the same time. Table 4 shows an example of these scenarios for zed sections with flange stiffeners, where the goal was to maximise the buckling loads () and minimise the flexural developed stresses (). Table 5 presents the root mean square error which was the square root of the average square of the residuals at the DOE points. The best value was 0. In general, the closer the value was to 0, the better quality of the response surface. Fig. 13 shows the results of MOGA (pareto frontier) in a scatter plot between the two goal functions (p18 and p19). The two axes represent two output parameters with conflicting objectives: the X axis represents Maximize (), and the Y axis represents Minimize (). The chart shows two optimal solutions, point (1) and point (2). These solutions were non-dominated, which means that both points were equally good in terms of Pareto optimality, but for different objectives. Point (1) was the better solution for Minimize () and point (2) was the better solution for Maximize (). Neither point was strictly dominated by any other point, so both were included on the first Pareto front.
As a result, three design candidates were found with the same design variables. The design candidate was then loaded up to failure to obtain collapse load-displacement curves as indicated in Fig. 15 for channel sections and Fig. 18 for zed sections. This process repeated to obtain other design candidate results for the zed sections (i.e. Candidates 1-5), and for the channel sections (i.e. Candidates 1-6). 
Table 6 presents the buckling loads and ultimate bending strengths of the channel and zed sections obtained from the MOGA optimisation process (with input parameters shown in Fig. 7 and Table 2). The results in this table were compared with those of the standard lipped channel and zed sections having the same amount of material and the same section height. Candidates 1 and 4 were obtained when the ‘Goal’ was minimising the flexural developed stresses, Candidates 2 and 5 were obtained when the ‘Goal’ was maximising the buckling loads, and Candidates 3 and 6 were obtained when the ‘Goal’ was maximising the buckling and minimising the flexural developed stresses under bending for distortional buckling.
[bookmark: _Hlk68257062]Table 4 Candidate design when the target objectives were maximising buckling and minimising flexural developed stresses (Candidate 6). 
	Table of Schematic D4: Optimisation

	Optimisation Study

	Minimise 
	Goal, Minimise  (High importance)

	Maximise  
	Goal, Maximise  (Low importance)

	Optimisation Method

	MOGA
	“The MOGA method (Multi-Objective Genetic Algorithm) is a variant of the popular NSGA-II (Non-dominated Sorted Genetic Algorithm-II) based on controlled elitism concepts. It supports multiple objectives and constrains and aims at finding the global optimum”.

	Configuration 
	“Generate 100 samples initially, 100 samples per iteration and find 3 candidates in a maximum of 100 iterations.”

	Status
	Converged after 2740 evaluations.

	Candidate Points

	 
	Candidate point 1
	Candidate point 2
	Candidate point 3

	 - Top stiffeners' position (mm)
	7.55
	7.38
	7.40

	 - Bottom stiffeners' position (mm)
	3.09
	3.29
	3.29

	 - Top edge stiffeners' width (mm)
	18.18
	18.18
	18.20

	 - Bottom edge stiffeners' width (mm)
	16.15
	16.19
	16.19

	 - Top stiffeners' tip moved (mm)
	12.81
	12.82
	12.82

	 - Bottom stiffeners' tip moved (mm)
	13.12
	13.61
	13.60

	 - Top stiffeners' rotation (degree)
	1.32
	1.07
	1.09

	 - Bottom stiffeners' rotation (degree)
	0.87
	1.36
	3.13

	 - Top edge stiffeners' rotation (degree)
	0.71
	0.71
	0.73

	 - Bottom edge stiffeners' rotation (degree)
	0.71
	0.02
	0.05

	 - Top flange width (mm)
	35.51
	35.31
	35.50

	 - Bottom flange width (mm)
	28.86
	29.12
	29.12

	 - Total deformation Load Multiplier
	⁂ 20.63
	⁂ 21.04
	⁂ 20.85

	 - Equivalent Stress Maximum (MPa)
	⁂ 453.59
	⁂ 453.90
	⁂ 453.78



[bookmark: _Hlk78805140]Table 5 The root mean square errors for the buckling load and flexural developed stresses (p18 and p19).   
	[bookmark: _Hlk78804569]Table of Schematic D3: Response Surface

	
	Buckling load ()
	Flexural developed stresses ()

	Root Mean Square Error (Best Vale = 0%)

	Learning Points
	0.168
	5.52 E-04

	Verification Points
	0.043
	9.22 E-04



(2)

Fig. 13. The results of MOGA (pareto frontier) in a scatter plot between the two goal functions (p18 and p19)
In this study, Maximum Allowable Pareto Percentage and Convergence Stability Percentage were used as the convergence criteria in the MOGA-based multi-objective optimization. The Maximum Allowable Pareto Percentage represents a specified ratio of Pareto points per number of samples per iteration, while the Convergence Stability Percentage criterion looks for population stability, based on mean and standard deviation of the output parameters.

[bookmark: _Hlk77902729]Table 6 The results of buckling load (), flexural developed stresses (, ultimate moment capacity without the cold working effect , and ultimate moment capacity with the cold working effect . The term “standard” stands for commercially available standard channel and zed sections, Reference (a) is longitudinally stiffened web sections, and Reference (b) is longitudinally stiffened web and flange sections.
	Section type
	  (kN)
	 (MPa)
	 (kNm)
	 (kNm)
	/
	/


	Channel 
	
	
	
	
	
	

	Standard
	11.7
	553.8
	10.34
	10.34
	1.00
	1.00

	Reference (a)
	13.4
	546.5
	10.64
	10.69
	1.01
	1.03

	Candidate 1
	22.9
	455.3
	11.30
	11.58
	1.03
	1.12

	Candidate 2
	23.5
	484.5
	10.94
	11.07
	1.02
	1.07

	Candidate 3
	23.3
	460.0
	11.34
	11.59
	1.03
	1.12

	Reference (b)
	15.3
	513.8
	10.88
	11.12
	1.02
	1.07

	Candidate 4
	20.8
	455.0
	11.60
	11.87
	1.03
	1.15

	Candidate 5
	23.1
	517.0
	10.96
	11.20
	1.03
	1.08

	Candidate 6
	21.5
	458.0
	11.90
	12.09
	1.02
	1.17

	
	
	
	
	
	
	

	Zed 
	
	
	
	
	
	

	Standard
	9.6
	-
	9.98
	9.98
	1.00
	1.00

	Reference (c)
	11.6
	570.0
	10.66
	10.86
	1.02
	1.09

	Candidate 1
	19.7
	466.2
	11.81
	12.29
	1.05
	1.23

	Candidate 2
	21.1
	496.4
	10.76
	10.88
	1.02
	1.09

	Candidate 3
	20.2
	462.8
	12.34
	12.45
	1.01
	1.25

	Reference (d)
	13.3
	542.2
	11.38
	11.51
	1.02
	1.15

	Candidate 4
	18.8
	449.8
	11.81
	12.13
	1.03
	1.21

	Candidate 5
	20.3
	460.6
	11.73
	12.23
	1.05
	1.22

	Candidate 6
	19.8
	450.4
	11.97
	12.35
	1.04
	1.24


[bookmark: _Hlk68257085]The optimal shapes and the comparison between their flexural strength capacities are shown in Figs. 14-19. In which  is the yield bending moment of the whole cross section;  is the bending moment capacity (when the cold working effect is not included  equals , and when the cold working effect is included  equals ); and  is the buckling moment capacity. The buckling and ultimate strength results were obtained by FE nonlinear analysis as described in Section 2, which is called “FEM” model. The buckling modes were obtained from linear buckling analysis that was conducted with the conventional Finite Element Method (FEM). In addition, another model was developed, in which the desired linear buckling modes obtained from Finite Strip Method using CUFSM software [49] were transferred to the FE analysis, to conduct the nonlinear analysis. This model is called “CUFSM-FEM” model. Both “FEM” and ““CUFSM-FEM” models’ results are shown in Figs. 14-19. Fig. 17 compares the FEM strength capacity results of the optimised sections with the results obtained by transferring buckling mode shapes from CUFSM to the FEM. Using this approach, the effects of geometric imperfections are taken into account in the analyses [50, 51]. It was seen that both FEM and CUFSM-FEM methods provided the same trend with an average difference of 12% and 5% in the buckling and ultimate bending moment capacities, respectively.(a)
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Fig. 14. Strength results of standard, reference and optimised channel sections for (a) buckling and (b) ultimate moment capacity with the cold working effect included.  
[image: ][image: ]
Fig. 15. Load-displacement curves for the channel reference and design Candidate 6 sections.
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Fig. 16. Dimensions, deformed shapes, and von Mises stress distribution for all design candidates of channel sections.
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Fig. 17. Strength results of standard, reference and optimised of the zed sections for (a) buckling and (b) ultimate moment capacities with the cold working effect included.  
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Fig. 18. Load-displacement curves for the zed reference and design Candidate 6 sections.
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Fig. 19. Dimensions, deformed shapes, and von Mises stress distribution for all design candidates of zed sections.
Several observations could be made from Figs. 14-19 and Tables 4-6 as follows:
· The reference channel and zed sections provided considerably greater buckling capacities when compared to the standard lipped channel and standard lipped zed sections by 15% and 21%, respectively, whereas the ultimate moment capacities were also improved by 3% and 9%, respectively.
· Adding flange stiffeners to the reference sections further enhanced the buckling and ultimate moment capacities of the channel section by16% and 4%, and of the zed section by 15% and 6%, respectively.
· By changing the position, size and shape of web stiffeners, lip’s length, and section corners’ radii as well as including the cold working effect at the sections’ corners and stiffeners’ bends of the reference channel and zed sections, optimal sections with maximum buckling strengths could be obtained (Candidates 1-3). The gains in buckling strength for the channel Candidates of 1, 2 and 3 were up to 2 times, in comparison with the standard lipped channel, and up to 2.1 times, when compared to the standard lipped zed sections. At the same time, the ultimate moment capacities were also improved by 12%, 7% and 12% for the channel sections, and by 23%, 9% and 25% for the zed sections, respectively.
· The optimal design of the channel and zed sections was obtained by changing the position, size and shape of web stiffeners, the position and size of flange stiffeners, lip’s length, and section corners’ radii as well as including the cold working effect at the sections’ corners and stiffeners’ bends of the reference sections having flange stiffeners (Candidates 4-6). The significant increases in buckling loads for the Candidates 4, 5 and 6 were up to 2 times, in comparison with the standard lipped channel, and up to 2.1 times, when compared to the standard lipped zed sections. At the same time, the ultimate moment capacities were also significantly increased by 15%, 8% and 17% for the channel sections, respectively, and 21%, 22% and 24% for the zed sections, respectively.
· For all design Candidates (1-6), the channel sections strived to increase their buckling and ultimate moment capacities by: (1) decreasing the position of web stiffeners (converged to minimum defined vales of = 1.0 mm and  = 1.0 mm) or moving web stiffeners toward the web flange junctions as much as possible, (2) reducing the section corners’ radiuses to minimum defined value of = 2.9 mm, and (3) increasing the angle between the web stiffeners and the web (= 15 degrees and = 345 degrees). Similarly, the zed sections strived to increase their buckling and ultimate moment capacities by: (1) decreasing the position of web stiffeners (converged to minimum defined vales of = 1.0 mm and  = 1.0 mm) or moving web stiffeners toward the web flange junctions as much as possible, (2) reducing the section corners’ radiuses to minimum defined value of = 3.3 mm, (3) keeping the angle between the web stiffeners and the web the same as the reference one (= 0 degrees and = 0 degrees), and (4) reducing the angle between the lip stiffener and the flange (the optimal angles obtained from the process were all close to 90 degrees). This was due to the combined effect of (1) increasing the sectional modulus, (2) reducing the distortional buckling slenderness, and (3) the cold working effect in the section corners (smaller corner radius had greater strength enhancement). In general, these observations are consistent with the results presented in [37].
· As shown in Fig. 16 for design Candidates (1-3), while the channel sections converged to the same web stiffeners size (= 19.0 mm), the optimised sections had different lip’s lengths and flange widths depending on the target objectives (noted that the total developed length of the channel section and the section height remained constant). For instance, the section tended to converge at shorter lips and wider flanges (= 16.0 mm and = 43.5) when the target was to minimise flexural developed stresses in the section (Candidate 1), whereas the sections tended to take longer lips and smaller flange widths (= 18.0 mm and = 41.5) when the target was to maximise buckling loads (Candidate 2).
· It is shown in Fig. 19 that for design Candidates (1-3), the optimised zed sections had different web stiffener’s sizes, and lip and flange widths depending on the target objectives (note that the total developed length of the zed section and the section height remain constant). For instance, the sections tended to converge to smaller web stiffener’s size and  longer lips and larger flange widths  (= 19.7 mm, = 17.5 mm, = 12.5 mm,  = 13.9 mm, = 51.0 mm and  = 46.0 mm) when the target was to minimise flexural developed stresses in the section (Candidate 1), whereas the section tended to take larger web stiffener’s size and shorter lips and smaller flange widths (= 17.7 mm, = 16.4 mm, = 21.0 mm,  = 21.0 mm, = 44.0 mm and  = 39.0 mm) when the target was changed to maximise buckling loads (Candidate 2). However, the section had smaller web stiffener’s size and longer lips and larger flange widths (= 20.8 mm, = 17.8 mm, = 11.6 mm,  = 12.9 mm, = 51.0 mm and  = 46.0 mm) when the targets were maximising buckling loads and minimising flexural developed stresses (Candidate 3).
· As depicted in Fig. 16 for design Candidates (4-6), while the channel sections tended to have the same position and size of flange stiffeners (= 5.0 mm and =  = 43.5), the sections had various web stiffeners sizes, lip lengths, and flange widths based on target objectives. Candidate 4 obtained from minimising flexural developed stress had web stiffener size, lip length and flange width of 14.4 mm, 13.5 mm, and 28.7 mm, respectively. However, Candidate 5 obtained from maximising buckling loads had web stiffener size, lip length and flange width of 22.0 mm, 18.0 mm, and 23.0 mm, respectively. 
· Considering the design Candidates (4-6) shown in Fig. 19, while the zed sections tended to have the same position and size of flange stiffeners (=  = 5.0 mm and =  = 5.0), the sections had various web stiffeners sizes, lip lengths, and flange widths based on target objectives. Candidate 4 obtained from minimising flexural developed stresses had the web stiffener size, lip length and flange width of 12.0 mm, 17.0 mm, and 35.8 mm, respectively, for the upper part of the section as well as the web stiffener size, lip length and flange width of 13.0 mm, 16.0 mm, and 30.7 mm, respectively, for the lower part of the section. However, Candidate 5 obtained from maximising buckling loads had web stiffener size, lip width and flange width of 13.0 mm, 19.0 mm, and 33.7 mm, respectively, for the upper part of the section as well as the web stiffener size, lip length and flange width of 14.0 mm, 17.0 mm, and 28.8 mm, respectively, for the lower part of the section. 
· For all design Candidates (1-6), increasing the web stiffener size and lip length up to certain limit significantly improved the buckling capacities of both channel and zed sections which was effective in suppressing section instability, resulting in significantly increased ultimate moment capacities (see Table 6). These sections also exhibited a considerably higher stiffnesses (as shown in Figs. 15 and 18), which is a direct result of the stiffeners delaying and mitigating the stiffness degradation due to buckling. It was noted that increasing the stiffeners’ size was accounting for the total length of the section, and therefore, the flange width of the design candidates was smaller than that of the reference section. Nevertheless, increasing the stiffeners’ sizes beyond a certain limit (Candidates 2 and 5) still considerably improved distortional buckling capacities of the channel and zed sections, whereas it did not have a significant effect on the ultimate moment capacity and it actually noticeably reduced the ultimate moment capacities in design Candidates 2 and 5 when compared to Candidates 1 and 4. This was a result of a significant reduction of the sectional modulus in the minor axis which made these sections prone to the failure due to distortional-global interaction buckling and consequently led to lower ultimate moment capacities for the beam sections. These observations were consistent with those in the previous study [37].
· The optimal shapes of the channel and zed sections could be obtained when the target objectives were to both minimising the flexural developed stress and maximising the buckling loads in the sections. This led to an optimal design solution (Candidate 6) which had significant increase in bending and ultimate strengths.
· Including the cold working effect in the sections’ corners and stiffeners’ bends led to noticeable enhancement in the ultimate moment capacities of the optimised channel and zed sections (as indicated in Table 6), despite the insignificant effect for the cases where the cold working effect was only present in the sections’ corners. The maximum percentage of increase in the ultimate moment capacities with the cold working effect was up to 5%, confirming that the influence of the cold working effect could be significant.
· Fig. 17 compares the FEM strength capacity results of the optimised sections with the results obtained by transferring buckling mode shapes from CUFSM to the FEM. It was seen that both FEM and CUFSM-FEM methods provided the same trend with an average difference of 12% and 5% in the buckling and ultimate bending moment capacities, respectively.

[bookmark: _Toc19541551]Conclusions
This paper presents a practical method to obtain efficient cold roll formed steel channel and zed sections in bending, using FE modelling integrated with Design Of Experiments (DOE) and response surface optimisation. The FE models were first developed to replicate four-point beam bending tests of distortional buckling failure configuration of the channel and zed sections, which included geometrically and materially nonlinear analysis with initial geometric imperfections and the cold working effect. These validated FE models were then utilised to optimise the buckling and ultimate flexural strengths of the sections. In the optimisation process, each section was parameterised in terms of geometric dimensions, imperfections and material properties using DOE technique to determine the buckling loads and flexural stresses at the design points. Kriging-based response surfaces were generated based on the DOE results to study the influences of the stiffener’s geometric and material properties on the section buckling loads and flexural stresses including its location, size, shape and enhanced material properties by the cold working at the corners and stiffeners bend regions of the section. Optimal designs of the channel and zed sections were finally obtained using the multi-objective genetic algorithm method (MOGA). The following conclusions were drawn based on the results of this study:
· By considering both geometry and the cold working effect in the optimisation process, optimal designs of the channel and zed sections could be obtained with significant gain in buckling and ultimate bending strengths. The gains in buckling strength were up to 2 times for the channel sections, and up to 2.1 times for the zed sections, when compared to the standard sections using the same amount of material. The optimum positions of the web and flange stiffeners was found to be moving towards the web-flange junctions as close as possible during the optimisation process for both channel and zed sections. This was a result of the intermediate stiffeners position increasing the sectional modulus and decreasing the distortional buckling slenderness, which ultimately enhanced the distortional buckling and ultimate strength capacities as well as mitigating the post-buckling stiffness degradation of the optimised sections.
· For the channel and zed sections, the entire sections with decreasing section corners radii resulted in optimal solutions. This was because when reducing the corners radii, the distortional buckling slenderness of the section and the strength enhancement of the corners increased, and consequently the buckling and ultimate bending strength was enhanced. Comparisons between the design candidates indicated that by increasing the size of intermediate web, flange and edge stiffeners, a turning point was reached where increasing the stiffeners size reduced the ultimate moment capacities, while marginally improved the distortional buckling loads, resulting in sections fail in distortional-global interactive buckling modes. 
· The cold working influence generated from the cold roll forming process was found to be considerable in the optimised zed sections, suggesting that the FE models need to include the cold working effect for accurately obtaining the ultimate moment capacity of the sections. The cold working effect was most significant when the sections were less prone to buckling, especially for distortional and global-distortional interactive buckling modes.
· It was found that both target objective functions, which were maximising buckling loads and minimising flexural developed stresses, had to be deployed in order to obtain the optimal sections with significantly increasing both bending strength capacities and the cold working effect. The adequacy of the optimised sections obtained from FEM optimisation process was verified by the results obtained from transferring the CUFSM buckling mode shapes into the FEM using the CUFSM-FEM model. It was found that the FEM results closely followed the trends in the buckling and flexural strength capacities obtained by the CUFSM-FEM results. This demonstrated the reliability of the proposed optimisation procedure using the direct FEM optimisation.
Acknowledgments



This work is sponsored by the University of Derby [PGTA Studentship - E&T_14_PGTA_0717]. We would like to thank the University of Derby for providing the fund of the project.


2


References
[1] T. Desmond, T. Pekoz, G. Winter, Local and overall buckling of cold formed compression members, Department of Structural Engineering Report, Cornell University  (1978).
[2] R. Papazian, R. Schuster, M. Sommerstein, Multiple stiffened deck profiles, Proceedings of the Twelfth International Specialty Conference on Cold-Formed Steel Structures, 1994, pp. 217-228.
[3] B. Schafer, T. Peköz, The behavior and design of longitudinally stiffened thin-walled compression elements, Thin-walled structures 27(1) (1997) 65-78.
[4] B. Young, J. Chen, Design of cold-formed steel built-up closed sections with intermediate stiffeners, Journal of Structural Engineering 134(5) (2008) 727-737.
[5] J.-H. Zhang, B. Young, Compression tests of cold-formed steel I-shaped open sections with edge and web stiffeners, Thin-Walled Structures 52 (2012) 1-11.
[6] J. Rhodes, J. Zaras, Development and design analysis of a new purlin system,  (1988).
[7] Hadley Industries plc, P.O. Box 92, Downing Street, Smethwick, West Midlands, B66 2PA, UK. URL: https://www.hadleygroup.com (latest updated 2021).
[8] M. Castellucci, I. Pillinger, P. Hartleya, G. Deeley, The optimisation of cold rolled formed products, Thin-Walled Structures 29(1-4) (1997) 159-174.
[9] AISI. North American specification for the design of cold-formed steel structural
members. AISI S100-16. Washington, DC; 2016.
[10] B.S. BSI, Structural use of steelwork in building, Part 5: Code of practice for design of cold formed thin gauge sections, British Standard Institution  (1998).
[11] E. CEN, 1-3 Eurocode 3: Design of steel structures-Part 1-3: General rules-Supplementary rules for cold-formed members and sheeting, European Committee for Standardization, Brussels  (2006).
[12] B.P. Gilbert, L.H. Teh, H. Guan, Self-shape optimisation principles: Optimisation of section capacity for thin-walled profiles, Thin-Walled Structures 60 (2012) 194-204.
[13] P. Sharafi, L.H. Teh, M.N. Hadi, Shape optimization of thin-walled steel sections using graph theory and ACO algorithm, Journal of Constructional Steel Research 101 (2014) 331-341.
[14] H. Adeli, A. Karim, Neural network model for optimization of cold-formed steel beams, Journal of Structural Engineering 123(11) (1997) 1535-1543.
[15] J. Lee, S.-M. Kim, H.-S. Park, B.-H. Woo, Optimum design of cold-formed steel channel beams using micro Genetic Algorithm, Engineering Structures 27(1) (2005) 17-24.
[16] J. Lee, S.-M. Kim, H.S. Park, Optimum design of cold-formed steel columns by using micro genetic algorithms, Thin-Walled Structures 44(9) (2006) 952-960.
[17] J. Ye, I. Hajirasouliha, J. Becque, A. Eslami, Optimum design of cold-formed steel beams using Particle Swarm Optimisation method, Journal of constructional steel research 122 (2016) 80-93.
[18] J. Ye, I. Hajirasouliha, J. Becque, K. Pilakoutas, Development of more efficient cold-formed steel channel sections in bending, Thin-walled structures 101 (2016) 1-13.
[19] S.M. Mojtabaei, J. Ye, I. Hajirasouliha, Development of optimum cold-formed steel beams for serviceability and ultimate limit states using Big Bang-Big Crunch optimisation, Engineering Structures 195 (2019) 172-181.
[20] Y.K. Cheung, Finite strip method in structural analysis, Elsevier2013.
[21] B.P. Gilbert, T.J.-M. Savoyat, L.H. Teh, Self-shape optimisation application: Optimisation of cold-formed steel columns, Thin-walled structures 60 (2012) 173-184.
[22] J. Leng, J.K. Guest, B.W. Schafer, Shape optimization of cold-formed steel columns, Thin-Walled Structures 49(12) (2011) 1492-1503.
[23] H. Liu, T. Igusa, B. Schafer, Knowledge-based global optimization of cold-formed steel columns, Thin-Walled Structures 42(6) (2004) 785-801.
[24] J. Madeira, J. Dias, N. Silvestre, Multiobjective optimization of cold-formed steel columns, Thin-walled structures 96 (2015) 29-38.
[25] M. Moharrami, A. Louhghalam, M. Tootkaboni, Optimal folding of cold formed steel cross sections under compression, Thin-Walled Structures 76 (2014) 145-156.
[26] J.M.S. Franco, J.P. Duarte, E. de Miranda Batista, A. Landesmann, Shape Grammar of steel cold-formed sections based on manufacturing rules, Thin-Walled Structures 79 (2014) 218-232.
[27] J. Leng, Z. Li, J.K. Guest, B.W. Schafer, Shape optimization of cold-formed steel columns with fabrication and geometric end-use constraints, Thin-Walled Structures 85 (2014) 271-290.
[28] B. Wang, B.P. Gilbert, A.M. Molinier, H. Guan, L.H. Teh, Shape optimisation of cold-formed steel columns with manufacturing constraints using the Hough transform, Thin-Walled Structures 106 (2016) 75-92.
[29] Z. Li, J. Leng, J.K. Guest, B.W. Schafer, Two-level optimization for a new family of cold-formed steel lipped channel sections against local and distortional buckling, Thin-Walled Structures 108 (2016) 64-74.
[30] H. Parastesh, I. Hajirasouliha, H. Taji, A.B. Sabbagh, Shape optimization of cold-formed steel beam-columns with practical and manufacturing constraints, Journal of Constructional Steel Research 155 (2019) 249-259.
[31] B. Wang, G.L. Bosco, B.P. Gilbert, H. Guan, L.H. Teh, Unconstrained shape optimisation of singly-symmetric and open cold-formed steel beams and beam-columns, Thin-Walled Structures 104 (2016) 54-61.
[32] B.W. Schafer, The direct strength method of cold-formed steel member design, Journal of constructional steel research 64(7-8) (2008) 766-778.
[33] V. Nguyen, C. Wang, D. Mynors, M. Castellucci, M. English, Finite element simulation on mechanical and structural properties of cold-formed dimpled steel, Thin-Walled Structures 64 (2013) 13-22.
[34] V.B. Nguyen, C. Wang, D. Mynors, M. English, M. Castellucci, Dimpling process in cold roll metal forming by finite element modelling and experimental validation, Journal of Manufacturing Processes 16(3) (2014) 363-372.
[35] P. Pan, M. Ohsaki, H. Tagawa, Shape optimization of H-beam flange for maximum plastic energy dissipation, Journal of Structural Engineering 133(8) (2007) 1176-1179.
[36] J. Ye, J. Becque, I. Hajirasouliha, S.M. Mojtabaei, J.B. Lim, Development of optimum cold-formed steel sections for maximum energy dissipation in uniaxial bending, Engineering structures 161 (2018) 55-67.
[37] V.B. Nguyen, M. English, The optimization of thin-walled cold rolled products using Finite Element modelling and Design of Experiments, The 8th International Conference on Thin-Walled Structures (ICTWS 2018), , Lisbon, Portugal, 2018.
[38] W. Ma, J. Becque, I. Hajirasouliha, J. Ye, Cross-sectional optimization of cold-formed steel channels to Eurocode 3, Engineering structures 101 (2015) 641-651.
[39] V.B. Nguyen, C.H. Pham, B. Cartwright, M. English, Design of new cold rolled purlins by experimental testing and Direct Strength Method, Thin-Walled Structures 118 (2017) 105-112.
[40] ANSYS Mechanical 18.1.
[41] S. Qadir, V.B. Nguyen, I. Hajirasouliha, B. Cartwright, M. English, Optimal design of cold roll formed steel channel sections under bending considering both geometry and cold working effects, Thin-Walled Structures 157 (2020) 107020.
[42] V.B. Nguyen, C. Wang, D. Mynors, M. English, M. Castellucci, Compression tests of cold-formed plain and dimpled steel columns, Journal of Constructional Steel Research 69(1) (2012) 20-29.
[43] M.R. Haidarali, D.A. Nethercot, Finite element modelling of cold-formed steel beams under local buckling or combined local/distortional buckling, Thin-Walled Structures 49(12) (2011) 1554-1562.
[44] D.G. Krige, A statistical approach to some basic mine valuation problems on the Witwatersrand, Journal of the Southern African Institute of Mining and Metallurgy 52(6) (1951) 119-139.
[45] G. Matheron, Principles of geostatistics, Economic geology 58(8) (1963) 1246-1266.
[46] J. Sacks, W.J. Welch, T.J. Mitchell, H.P. Wynn, Design and analysis of computer experiments, Statistical science  (1989) 409-423.
[47] D.E. Goldberg, Genetic algorithms in search, Optimization, and MachineLearning  (1989).
[48] K. Deb, Multi-objective optimisation using evolutionary algorithms: an introduction, Multi-objective evolutionary optimisation for product design and manufacturing, Springer 2011, pp. 3-34.
[49] CUFSM Version 5.04, Department of Civil Engineering, Johns Hopkins University, 2020.  URL: 〈http://www.ce.jhu.edu/bschafer/cufsm/〉
[50] J. Ye, S.M. Mojtabaei, I. Hajirasouliha, P. Shepherd, K. Pilakoutas, Strength and deflection behaviour of cold-formed steel back-to-back channels, Engineering Structures 177,  (2018) 641-654.
[51] S.M. Mojtabaei, J. Becque, I. Hajirasouliha, Behavior and design of cold-formed steel bolted connections subjected to combined actions. Journal of Structural Engineering, 147(4)  (2021) 04021013.



Flat regions	0	2.5336585365853658E-3	0.01	0	519.4	550	FycR2.5	0	2.8599512195121948E-3	0.01	0	586.29	613	FycR2.6	0	2.8448292682926833E-3	0.01	0	583.19000000000005	610	FycR2.9	0	2.7979024390243903E-3	0.01	0	573.57000000000005	600	FycR5	0	2.6039024390243901E-3	0.01	0	533.79999999999995	559	Strain, ɛ

Stress, ơ, (MPa)
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Sensitivity on buckling load (p13) of channel sections
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Sensitivity on flexural stress (p14) of channel sections
p1	.	4.9771153110000004	p2	.	24.14807124	p3	.	-19.351237770000001	p4	.	-26.445868470000001	p5	.	17.35522383	p6	.	-8.3465810190000003	p7	.	-8.9380204160000005	p15	.	0.68128262399999995	p16	.	-0.64579143000000006	p17	.	-0.51462522700000002	
Local sensitivity (%)



Sensitivity on buckling load (p18) of zed sections
p1	.	3.7593995036294698	p2	3.7873492753933302	p3	21.832101886857899	p4	0.80187892246037995	p6	5.3031894984582504	p7	4.3339704095990097	p8	1.28454387435656	p9	1.28454387435656	p10	-6.8543817384004004	p11	-7.1031639285454302	
Local sensitivity (%)



Sensitivity on flexural stress (p19) of zed sections
p1	.	1.4486761603865099	p2	9.3220766051484798	p3	-17.013394833855099	p4	-17.062544671142	p6	-11.6821528671843	p7	-5.8959448397229002	p8	-6.2885039200103803	p9	-6.07429241263491	p10	10.4684443010082	p11	18.798388107379498	
Local sensitivity (%)



Feasible points	21.240328970473101	21.2431244065783	21.206507283028298	21.180365458297299	20.846297223055199	21.175441711967402	21.288131469134701	21.004236813911099	20.6307802328026	21.378638589713702	21.198445888968703	21.154774007229801	21.2275396602403	21.122670667546501	21.0994531510446	20.429928534353799	20.627653275161503	20.9754714091981	21.058855814167298	21.257135698106101	21.270379013257799	20.952696778243499	20.948440117138098	20.321814037504399	21.1237925876388	21.057748397846002	21.093609285924298	20.214767073357901	21.013511941961998	21.028855108376998	21.233184675610101	21.246619712716601	20.869328981127801	20.9211722659633	20.688784860649999	20.845171417551597	20.7653334504407	20.671619479440103	21.098998811603	21.1091399296138	21.021286256636099	21.064712511989498	21.0725557727934	21.078660348288199	20.053388711823402	20.131198557361198	20.046109729447501	20.904054689512101	20.9786485342273	20.992974115767701	21.135910755222099	21.180760855508698	21.2069560654223	21.2462107348912	20.900274932272101	20.3037914727499	20.736371070198299	21.097880302855902	21.094007390276801	21.0998567856623	21.0616253397443	20.0526346638202	20.0495776459132	20.1281391607715	20.078042583711401	20.078042583711401	20.973423083597698	20.975313223950501	21.111738435528501	21.178205592074299	21.179330484548402	21.179673157299	21.194249015983498	21.194249015983498	20.7965279074647	20.889761619799302	20.629461613894801	455.81183765376602	455.86530012211301	455.734071352066	454.92410390743999	453.77798113948302	454.53325296460503	455.93591640746899	453.90206025328303	453.58609536999001	457.15581334246599	456.02669550836998	455.97285162981899	456.167672979315	455.53191488436198	455.19922145513101	453.90709729136103	454.02852476517899	454.594675517881	454.63572232339101	456.43054436492901	456.58617734709901	454.48047015591999	454.26300652026401	453.73982210315	456.36177276912798	455.42497805485499	455.49766606707902	454.021782137549	454.81922898684701	454.95025541097101	456.789769165081	459.13893201365102	454.48276769144201	454.52487514315197	454.37161952510002	454.44650405591301	454.38719410825303	454.33760558394101	456.41713182933597	456.47601814546999	455.56677515114802	455.58412834302902	455.82253880014503	456.14102984608098	454.08699904347799	454.214164491041	454.06260702417097	454.89892497208803	454.90190399445203	455.32174515064702	456.88939076905899	457.02087817466298	458.841565263463	459.64871523669001	454.57934962745901	454.40781736207401	454.47851908012302	456.62664091157001	456.52029033192798	456.62986316246997	455.60269966612799	454.08841364305903	454.088101719907	454.46743300161103	454.36472163987401	454.36472163987401	455.03366737400302	455.11302349710297	456.95699994675198	457.04432305593002	457.27774749597398	457.30160011751002	458.89902775921598	458.89902775921598	454.59983890934899	454.717550393544	454.56172030186701	Buckling load p18 (kN)


Flexural developed stress p19 (MPa)
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Reference section	1.7098	3.4308999999999998	5.1765999999999996	6.9417999999999997	8.7382000000000009	10.62	12.547000000000001	14.601000000000001	16.824000000000002	18.213999999999999	18.5	18.600000000000001	4.9927999999999999	9.9847999999999999	14.977600000000001	19.97	24.962799999999998	29.955599999999997	34.948	39.941199999999995	44.932000000000002	47.68	46	44	Candidate 6	0	0.93667999999999996	1.8745000000000001	3.2843	5.1708999999999996	7.0682	8.9795999999999996	10.909000000000001	12.861000000000001	14.842000000000001	16.908000000000001	18.257999999999999	19.047999999999998	19.486000000000001	20.311	20.5	0	2.6960000000000002	5.3920000000000003	9.4359999999999999	14.827999999999999	20.22	25.611999999999998	31.004000000000001	36.396000000000001	41.787999999999997	47.18	50.552	52.235999999999997	53.08	53.92	52.4	Vertical displacement at point load location (mm)

Load (kN)



without coldwork	 	0.56574803149606301	with coldwork	 	0.49783464566929125	 	 	 	 	0.70662650602409638	 	0.57642629340892981	 	 	1.2325909090909091	 	1.0506818181818183	1.376350585568568	1.2603513411409142	1.2661700581395348	1.0774981831395352	1.168027027027027	1.0337567567567567	1.2786625364431488	1.1328170553935859	1.2371338155515368	1.0761754068716094	
Mb / My


without coldwork	 	0.66200787401574812	with coldwork	 	0.6572834645669291	 	 	 	 	0.74305811481218997	 	0.7402462792345853	 	 	0.85497272727272722	 	0.85936363636363633	0.86934265205893468	0.79061956932376265	0.86814135174418616	0.87002180232558157	0.87897297297297305	0.84043243243243249	0.88890306122448981	0.85703079446064134	0.87778481012658238	0.85906871609403257	
Muc / My


Reference section	0	1.6483000000000001	3.3067000000000002	4.9867999999999997	6.6853999999999996	8.4347999999999992	10.221	12.125999999999999	14.135	16.323	17.588999999999999	17.600000000000001	0	5	9.9996000000000009	14.999600000000001	19.999599999999997	24.999599999999997	29.999599999999997	34.999600000000001	39.999600000000001	45	47.5	44	Candidate 6	0	0.93779000000000001	1.8766	2.8167	3.7584	4.702	5.6478999999999999	6.5964	7.548	8.5032999999999994	9.4628999999999994	10.428000000000001	11.398999999999999	12.377000000000001	13.364000000000001	14.363	15.377000000000001	16.408000000000001	17.462	18.760999999999999	19.731999999999999	20.177	20.2	0	2.7958400000000001	5.5916000000000006	8.3872	11.183200000000001	13.9788	16.774799999999999	19.570400000000003	22.366400000000002	25.161999999999999	27.957999999999998	30.753599999999999	33.549599999999998	36.345199999999998	39.141199999999998	41.936	44.731999999999999	47.527999999999999	50.323999999999998	53.12	54.515999999999998	55.076000000000001	52.4	Vertical displacement at point load location (mm)

Load (kN)
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