Results in Engineering 27 (2025) 106470

journal homepage: www.sciencedirect.com/journal/results-in-engineering

Contents lists available at ScienceDirect

Results in Engineering

Results in

Engine

Research paper

A study of the response dynamics of a Helmholtz resonator and its

application in acoustic energy harvesting

Check for
updates

K.A. Omoteso® ", R. Marjani® ", O. Ozioko ™", O. Bagdasar"™ "~ , T.O. Roy-Layinde ",

U.H. Diala®™"*

2 School of Engineering, University of Derby, Derby, United Kingdom
b School of Computing, University of Derby, Derby, United Kingdom
¢ Department of Physics, Olabisi Onabanjo University, Ago-Iwoye, Ogun State, Nigeria

ARTICLE INFO ABSTRACT

Keywords:
Resonance
Helmholtz resonator
Piezoelectric

Energy harvester
Acoustics

A thorough understanding of the behaviour of Helmholtz resonators is required for their application in noise
attenuation and energy harvesting systems. This paper proposes an efficient low-frequency acoustic energy
harvester (AEH) designed as a Helmholtz resonator (HR) integrated with a piezoelectric film. A straightforward
continuity equation that describes the compression of air molecules in the HR’s cavity was used to represent the
restoring force, thus allowing us to describe the dynamics of the air molecules as a classical particle of the Duffing-
type oscillator. The variation of the resonant frequency of the HR device, with its geometry, was studied, which
facilitated the investigation of the response dynamics of the system, using numerical, analytical, and experimental
methods. It was demonstrated that an acoustically-driven HR can also exhibit jump or hysteresis behaviour at
higher acoustic pressure. The system amplifies the sound pressure within the cavity, enhancing the vibration of
the piezoelectric film, thereby improving the efficiency of the energy harvesting system. A significant amount of
energy was generated with the HR, about four times the value obtained without the resonator. At resonance, the
acoustic energy harvester generated a maximum voltage of 84.2 mV under a sound pressure level of 95 dB. The
results confirm the capability, efficiency, and potential of the acoustic energy harvester as a sustainable energy

solution for powering low-voltage devices in various applications.

1. Introduction

Ambient energies, such as vibration, heat, sound, etc., are ubiqui-
tous. These environmental energies are generated from various sources,
especially engineering structures. Such engineering structures include
automobiles, trains, aircraft, wind turbines, industrial equipment, etc.
High-speed movement, particularly when it involves vibrations or im-
pacts, can generate acoustic energy, which can be converted into other
useful forms of energy. The drive to reduce carbon emissions from fossil
fuels has led to rapid development in the energy sector. This has moti-
vated researchers to explore effective ways to convert ambient energies
into useful electric energy. Several energy harvesting technologies have
been explored to minimize the dependency on fossil fuel and support
the use of energy in homes, industries, automobiles, and information
technology [1].

Ambient vibration energy can be harvested in the form of electri-
cal energy, which can be used to power low-voltage devices, in electric
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vehicles, rail infrastructures and rolling stocks, roadside and rail-side
lighting systems, on-board electronics, etc. Wind turbines are the old-
est known method of harnessing airflow energy. Due to bearing losses
and very significant viscous drag on the blades, at low Reynolds num-
bers, the performance of a small-scale wind turbine system is average,
while large-scale wind turbine systems can be quite efficient [1-3].
Meanwhile, bearing-free devices are a superior option for small-scale
applications. Several airflow energy harvesters, utilizing mechanical vi-
bration, have been developed in recent years [2]. There are two major
technological advancements in this regard; the first form uses the drag
force generated by the air flow, while the second form converts air mo-
tion into steady oscillations of air molecules [4]. Usually, in the first
form, a piezoelectric or magnetoelectric structure vibrates, as a result
of the airflow’s drag force, thereby converting the kinetic energy, due
to the structure’s motion, into electrical energy. However, in the sec-
ond form, a Helmholtz resonator (HR) is used to convert the airflow
motion into stable oscillations of the air molecules. The piezoelectric
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Glossary of nomenclature and abbreviations
Roman letters
A, Amplitude of the cosine component
AEH Acoustic energy harvester
Ap Linearized response amplitude of the output signal
AMMs  Acoustic metamaterials
A, Area of resonator’sneck .............oooeiiiiiiiinn.n m?
A, Amplification factor for sound pressure
A Amplitude of the sine component
A, Amplitude of displacement
c Speed of light ... m/s
d Distance from sound source to AEH................... m
F Amplitude of sound wave
F, Critical pressure amplitude
f Frequency of sound wave ............coovvuienenn.n, Hz
fan Natural frequency of piezoelectric material
H, Helmholtz number
HR Helmbholtz resonator
1, Induced current
L Length of cantilever beam
L, Length of the HR’s neck.............cooeeeeiiiiiiine m
L.y Effective length of the HR’s neck...................... m
n Number of complete oscillations
ODE Ordinary Differential Equation
P External acoustic pressure
Datm Atmospheric pressure ...........oooeveiniiniiin... N/m?
P, Electrical power extracted
P, Input acoustic power
e out Output electrical power
Din Input acoustic pressure
Pour Output acoustic pressure
PVDF Polyvinylidene Fluoride
(0] Response amplitude
Ouna Analytical response amplitude
Oum Numerical response amplitude
R; Load resistance
R,y Optimal resistance
SPL Sound pressure level ..............cooiiiiiiiiiiiiiin dB
t Dimensionless time
T Period of oscillation.............c.oocoviiiiiiiiiinn., s

| Volume of resonator’s cavity ...................uunn m?
Ve Induced open-circuit voltage

Vrms  Root-mean-square voltage.......................... Volt
x(t) Dimensionless displacement of air molecule

X Second derivative of x(#) w.r.t time

¥(1) Instantaneous displacement of air in cavity

Greek letters

a Coefficient of quadratic stiffness nonlinearity

p Coefficient of cubic stiffness nonlinearity

y Specific heat ratio of air

6 The linear damping term

€ Quantifier of response amplitude, O

n Logarithmic power sensitivity ........................ dB
0 Phase angle

K Sensitivity of open-circuit voltage

Mo Coefficients of least squares linear fit equation

u Sum of acoustic and friction impedance........... Ns/m?
& Output power per unitarea...................... pW/m?2
p Density of the @ir............covviviiiieennnnn... kg/m?
oy, Coefficients of rescaled linear fit equation

T TIMe. ..o s
7, Coupling factor of between charge and voltage

) Empirical scaling factor

X Piezoelectric displacement

0] Frequency of acoustic excitation...................... Hz
@ Linear resonant frequency of HR..................... Hz
@yox Experimental resonant frequency..................... Hz
Q Unit of resistance

Q; Dimensionless frequency

Q,ax Resonant frequency at maximum response

Q, Dimensionless natural resonant frequency

Q,an Dimensionless w

Q,ox Dimensionless w,.,,

Symbols

Ay Change in v

lw] Absolute value of y

overdot Time derivative

\w Square roof of y

strip is strategically positioned at the base of the resonator, where the
vibration of the air molecules within the HR chamber causes it to os-
cillate. The Helmholtz resonator and the piezoelectric strip used should
have approximately the same resonant frequency, allowing both devices
to resonate concurrently, which ensures a general optimal performance
[5]. Most energy harvesting systems perform poorly due to a frequency
mismatch between the resonant frequency of the generator and ambi-
ent vibrations [6-8]. In addition, most energy harvesters are designed
to harvest energy within a narrow bandwidth, thus limiting their ability
to harvest ambient vibrations that have frequencies beyond their op-
erational bandwidth. For example, a three-degree-of-freedom acoustic
energy harvester was developed by Izhar and Khan [9], using a piezo-
electric plate with a circular block and a cantilever beam coupled with
a Helmholtz resonator. The device was developed to add degree of flex-
ibility, such as a cantilever beam, to the narrow frequency spectrum
of traditional acoustic energy harvesters. Their results showed that the
harvester can have three resonant peaks. Therefore, energy harvesting
systems must be designed to accommodate a wide band of vibration fre-
quencies, as encountered in many applications [6,8,10].

A Helmbholtz resonator is a very classic acoustic system that has been
extensively studied [11-15]. With the thriving development of meta-

material technologies in recent years and their applications in energy
harvesting, Helmholtz resonators have found widespread use in the fab-
rication of acoustic energy harvesters and acoustic metamaterials for
sound enhancement and noise reduction, respectively [16-20]. In other
words, metamaterials are specially designed materials, engineered to
enhance mechanical, acoustic, electrical, or optical processes [21,22].
Acoustic metamaterials (AMMs) are manufactured specifically to con-
trol, direct, and manipulate sound waves, enabling applications such
as sound absorption [16,23], amplification, acoustic cloaking [24,25],
sound focusing [26,27], and perfect absorption [28,29]. These systems
often utilize Helmholtz resonators, which enhance sound pressure in
specific frequency bands and attenuate others [30-32]. Hence, the need
to investigate the dynamic response of HR devices cannot be overem-
phasized. For example, knowledge of the nonlinear behaviours of HR
devices has led to significant progress in modern acoustic engineering,
and has been applied in the development of nonlinear acoustic super-
lenses [33,34], acoustic diodes [35,36], photonics metamaterials [37],
and acoustic switching and rectification [38].

Recently, researchers have attempted to improve the efficiency of
vibration energy harvesters (VEHs), particularly for broadband energy
harvesting. Several nonlinear oscillator models have been proposed to
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study the dynamic response of VEHs [39-43]. However, in acoustic
energy harvesting, the HR cavity facilitates the sound amplification ca-
pability of the AEH, with a possible dual-function mode (noise reduction
and energy generation) [44]. This shows its potential to simultane-
ously achieve energy harvesting and noise attenuation. This concept
offers prospects for the implementation of sustainable energy gener-
ation, which is useful for low-power devices, such as wireless sensor
networks (WSNs), a significant component of the Internet of Things
(IoT) [5,7,45]. Furthermore, piezoelectric materials offer the benefit of
instant energy generation from impact, with a high transduction effi-
ciency, which justifies their widespread applications and the growing
interest of researchers [7,46].

The performance of the AEH in harvesting sound energy has been
achieved by focusing on enhancing the cavity of the HR unit. For exam-
ple, due to the low intensity of the sound from acoustic sources, Yuan
et al. [47] suggested improving the output power of an acoustic energy
harvester and presented a unique method for its implementation. The
core component of the proposed high-performance system was an HR
unit with an adjustable base, suitable for low-frequency sound waves
[47]. An autonomous micro-electromechanical system (MEMS) built on
an AEH with an HR unit, by Horowitz et al. [48], provided evidence for
the viability of acoustic energy harvesting. Liu et al. [49] revealed that a
piezoelectric patch and an HR unit can be coupled together to provide a
maximum power of about 30 mW, when excited to 161 dB Sound Pres-
sure Level (SPL). Under a sound pressure excitation of about 960 Hz
tone and SPL of 100 dB, a proposed dual Helmholtz resonator struc-
ture, with increased acousto-electric coupling, produced a maximum
power of 1.3 mW [50]. Similarly, the same authors further suggested
a wide-band AEH prototype design, which was tested and reported to
be more efficient [51]. Furthermore, the mass of air that flows through
the aperture (neck) of an HR device inspired Kim et al. [52] to build
an acoustic energy harvester that uses large-amplitude acoustic waves.
A piezoelectric cantilever integrated with a Helmholtz resonator was
proposed by Noh et al. [53], where the mechanical resonance of the
cantilever aligned with the acoustic resonance of the HR device, to op-
timise the efficiency of the energy harvesting system.

Wang et al. [44] presented a unique renewable acoustic energy har-
vester and noise barrier design that uses a Polyvinylidene Fluoride (PVF)
film and an HR unit. They reported that a unit of the system could
generate a maximum instantaneous output voltage of about 74.6 mV
at 110 dB (SPL) [44]. Li et al. [54] developed a tunable low-frequency
acoustic energy harvester designed to convert the sound energy in a sub-
way tunnel into electrical energy. Their experimental results showed the
possibility of generating an instantaneous 317.5 mV, and a maximum
instantaneous power of about 100.8 uW, at 100 dB, demonstrating the
feasibility and effectiveness of dual-function noise barrier and sound en-
ergy harvesting systems. A high-density acoustic energy harvester was
designed with metamaterial and Helmholtz coupled resonator (MHCR)
in [55]. The MHCR unit was introduced to enhance the sound energy
density. They reported a maximum transmission ratio of 30.83 mV/Pa,
and the maximum voltage of the coupled energy harvester was approx-
imately 3.5 times that of the maximum voltage of the metamaterial
energy harvester. In other studies, resonance coupling strategies have
been reported to be an effective way to improve the extracted sound en-
ergy [8,50,56]. For example, the coupled acoustic crystal designed by
[57] has an efficiency higher than that of a single HR.

Most recently, a piezoelectric self-powered system, anchored on
a Conical-Neck Helmholtz Resonator-Based Piezoelectric Self-Powered
System (CNHR-PSS), was designed in [58] The system included a Piezo-
electric Self-Powered Node (PSN) and a machine learning algorithm.
The PSN, employing the Conical Neck Helmholtz Resonator and piezo-
electric module, captures noise and transmutes it into electrical energy,
while the multiple PSNs connect to form a sound barrier for traffic noise
mitigation. Their experimental results showed the possibility of gen-
erating an output power of approximately 0.52 mW, and an average
noise reduction of 13.16%. One of the most recent innovative designs
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of an acoustic energy harvesting device was made by Li et al. [59]. It is
based on the topological arrangement of multi-resonant phononic crys-
tals, where the introduction of multiple resonant cavities reduced the
operating frequency and improved robustness. Zhang et al. [18] de-
veloped a multi-tube parallel Helmholtz resonator-based triboelectric
nanogenerator (MH-TENG) to harvest sound energy in low-frequency
noise situations. The MH-TENG is made up of a thin-film transducer
and a modified HR. Their experimental results showed an enhanced
power generation due to the improved design of the sound wave col-
lector within a narrow bandwidth.

A combination of the HR device and a piezoelectric sensor, in
the form of a cantilever beam structure, has been subjected to simi-
lar investigations [60,61]. Note that unless active/semi-active control
methods are applied, characteristic low-frequency noise with a com-
paratively long wavelength has a higher endurance capability. Hence,
when it comes to the applications of AEH, low-frequency sound waves
are a more prevalent ambient energy source than sound waves in the
mid/high frequency range. Since the amount of energy harvested, us-
ing a piezoelectric strip in AEHs, depends on the resonant frequency
of the host HR device, it is important to fully understand the dynam-
ics of the host system (in this case the HR unit). Generally, a properly
designed acoustic resonator is required to ensure that the acoustic en-
ergy harvester adequately amplifies the incident acoustic pressure and
generates a large pressure difference. This is to facilitate effective low-
frequency sound wave conversion to electricity using the piezoelectric
element. However, the complex behaviour of the HR unit, which arises
mainly from several types of dissipation forces, can limit its effect on
AEH designs or restrict installation processes.

Recent studies in HR devices focus on nonlinear damping and restor-
ing forces to enhance the dynamic behaviour and efficiency of the unit.
Singh and Rienstra [13] modelled the HR unit using a linear restoring
force and a nonlinear damping element, identifying vortex shedding as
a key cause of nonlinear dissipation, while thermo-viscous boundary
layers contributed to linear dissipation. Forner et al. [14] highlighted
the influence of neck geometry on vortex dissipation and dynamic
behaviour. Nonlinear damping from jet loss and nonlinear restoring
forces, due to cavity air elasticity at large amplitudes, were studied by
Alamo Vargas et al. [30] and Vakakis [62], with Vakakis [62] report-
ing softening behaviour. Meissner [11] confirmed the dependence of
HR frequency on flow characteristics and resonator shape. To minimize
vortex dissipation while investigating nonlinear dynamics, Alamo Var-
gas et al. [30] modified the neck geometry, achieving both softening and
hardening behaviours and enabling the calculation of extreme nonlinear
responses in HR systems. Most recently, Omoteso et al. [31] investigated
the motion of air particles in an HR cavity under sound wave excitation,
focusing on vibrational resonance (VR) phenomena. The study exam-
ined the combined effects of amplitude and frequency on particle motion
and resonance induction, highlighting nonlinear behaviours, including
the attenuation of VR under specific conditions linked to excitation fre-
quency and resonator geometry. The findings identified optimal perfor-
mance regimes that enabled the design of broadband acoustic resonators
for various applications.

While most existing studies rely on idealized models that overlook
key structural features critical to improving practical Helmholtz res-
onator (HR) design, this paper introduces a simple yet effective ap-
proach to acoustic energy harvesting by integrating a Helmholtz res-
onator with a piezoelectric film. The system is modelled using a nonlin-
ear Duffing-type oscillator derived from fundamental air compression
principles, enabling it to capture complex dynamic behaviours, such as
jump and hysteresis effects, that are often missed in conventional analy-
ses. To investigate the resonance characteristics and optimise the design
of a low-frequency HR for energy harvesting, Newton’s laws were em-
ployed to model air motion through the neck and within the cavity us-
ing techniques reported in prior studies [30,31]. The system’s response
was then analysed using classical resonance methods to determine the
fundamental resonant frequency relevant for acoustic energy harvest-
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Acoustic waves

Periodic Force, Fy

AARRAR.

Mass, m

i Linear
damper

Cavity

Volume V,

Fig. 1. The Helmholtz resonator modelled as a mass-spring-damper system with
stiffness nonlinearity.

ing. Compared to setups without the resonator, the proposed design
shows the potential to achieve a fourfold increase in harvested energy,
demonstrating a strong possibility for powering low-power devices in
real-world applications.

The rest of the paper is organized as follows: The description of
the HR unit and the modelled nonlinear equation is given in the next
section (Section 2). Section 3 discusses the resonance dynamics of the
HR system, both analytically and numerically. The experimental setup
and measurement procedures are presented in Section 4. Although Sec-
tion 5 contains the results and discussions of our findings, the system
performance metric and the average power generated by the AEH are
estimated in its subsections. Lastly, a summary of the paper and some
significant applications of our findings are provided in Section 6.

2. Model description

The model of interest in this research is the Helmholtz resonator,
which presents a fascinating resonance behaviour, especially when the
air in its chamber or cavity resonates. The Helmholtz resonator is an
acoustic resonator that produces the highest sound pressure at the res-
onant frequency dictated by the chamber’s volume and neck size. A
Helmholtz resonator, which consists of a gas-filled chamber with an
open neck, can be modelled as a mass-spring-damper system, as shown
in Fig. 1. The mass represents the air volume in the neck, while the
spring and damper represent the air volume in the cavity. To improve
the performance of the acoustic energy harvesting device, the Helmholtz
resonator is designed, with the appropriate structural dimensions, to
ensure that its resonant frequency matches that of the coupled piezoelec-
tric strip situated in the cavity. The acoustic resonator with a hexagonal
prism chamber is constructed as an HR device to match the benefits of
a honeycomb noise collection structure. The area and the volume of the
resonator’s cylindrical neck and hexagonal-shaped cavity, respectively,
can be calculated from

A, = ”Ri and
(@]
3v3
V,= iﬂh
2 c

where R, is the radius of the neck, & is the height of the hexagonal
prism (the HR’s cavity), and [, is the regular hexagon side-length. The
parameters of the HR unit are presented in Table 1. The sound pressure
amplification factor, A, of a Helmholtz resonator with a negligible wall
loss at resonance is expressed as the ratio of the output acoustic pressure,
Pou» in the cavity, to the input acoustic pressure, p;,, expressed as [44,
53]
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Table 1

Parameter values of the HR prototype.
Description Value (mm)
Radius of neck, R, 5.0
Length of neck, L, 42
Height of hexagonal cavity, h, 65

Side length of the hexagon, /, 55

L3V,
Ap _ Pour -9 n'c @
Pin A3

The pressure in the cavity, p,, is also a function of the HR resonant
frequency, w,, in the form [44]

cp; L

Equations (1) to (3) indicate that the resonant frequency and the sound
amplification capacity of the system depend on the length of the neck
(L,), and radius of the neck (R,,), which defines the cross-sectional area
(A,), and the volume of the cavity (V). Moreover, the fundamental res-
onant frequency of the air vibration in response to the incident acoustic
pressure across the opening can be expressed as

c A
CD0=E

n
. (€3]
VcLeff

Note that ) is the linear resonant frequency of the Helmholtz resonator
[44,47,53], where c is the speed of sound in air, A,, is the cross-sectional
area of the oscillator’s cylindrical neck, and V, is the volume of the
cavity or chamber. L, , represents the effective length of the neck, ac-
counting for both its actual length (L,) and a correction (AL,) for the
additional inertial mass of air above the neck region. The effective neck
length, L, , is influenced by whether its ends are flanged or unflanged,
with L, = L, + 1.7R,, as the approximation for the fully flanged case
[53].

The prototype was designed to facilitate noise collection and im-
prove the performance of the HR unit for significant energy harvesting.
Therefore, a noise collection section is incorporated into the Helmholtz
resonator (HR) in the form of a funnel, and through the structure, the
ambient acoustic wave is gathered and channeled into the HR’s cavity
via the neck. The neck connects the funnel to the Helmholtz resonator
chamber, forming a passage for the air molecules that resonate in the
HR’s cavity. At resonance, frequency matching occurs, and under such
conditions, the resonating system acquires a huge amount of energy
[63]. The sound pressure is significantly amplified at resonance at a
characteristic frequency (@), in the HR cavity. Therefore, to simultane-
ously boost noise collection and improve energy harvesting, a hexagonal
prism chamber is designed as the HR cavity. However, it is worth not-
ing that the cavity of the HR device is responsible for the amplification
of the resonant pressure and plays a vital role in defining the resonant
frequency of the Helmholtz resonator structure. In addition, acoustic res-
onance produces the highest sound pressure when the incident acoustic
frequency and the cavity’s resonant frequency, which depends on the
cavity volume and HR neck dimensions, are equal [44,53].

To study the resonance dynamics of the prototype described in Fig. 2,
we utilise the HR parameters to derive a dimensionless displacement
equation. The displacement y of air in the neck causes a change in pres-
sure (A P), which can be expressed as [30,31]

AP=-

y+DA, , G+Dr+2A2 |
y— v+ y
2V, 6V,

c c

) )]

where y = pwéLef rand p (p =129 kg/m3) is the density of air.
Loss (Lypy =505 x 107 m) and A, (4, =7.86 x 1075 m?) are the
effective length and the cross sectional area of the neck, respectively.
V. (V,=5.00 x 10~* m?) is the effective volume of the cavity, obtained



K.A. Omoteso, R. Marjani, O. Ogzioko et al.

Results in Engineering 27 (2025) 106470

Fig. 2. CAD design of the HR prototype using the SOLIDWORKS software. (a) The dimension of the honeycomb sound collector, (b) the dimensions of the hexagonal
shaped cavity and the cylindrical neck of the designed Helmholtz resonator, and (c) the dimension of the HR base, showing the provision for the attachment of

multiple piezoelectric films.

by subtracting the volume of the four rectangular-stands, designed for
the attachment of multiple piezoelectric strips, from that of the hexago-
nal prism. y is the specific heat ratio of air. Thus, the equation of motion
with respect to time 7 (s), takes the form [30-32],

2
d%y [ﬂAn ﬂ ) |:aA,,w0:|y2

+wyy—

dz? pLysy | dr V.
2,2
ﬁAnwO 3_ Patm
+ > Y=o (6)
v PLess

where y (413 Ns/m’) [64], accounts for the sum of the acoustic and
friction impedance at the inlet of the HR. a = @ p= (Hl)éﬂ, and
Patm (N/m?) is the pressure variation around atmospheric pressure.

Since air oscillation in the cavity is assumed to be a simple mass-
spring model, typically the essential source of nonlinear restoring force
in the system [13,14,32], the description of the nonlinear behaviour of
our HR model is derived by only taking into account the nonlinearity
of the restoring force of the spring, while the nonlinearity of damping
is neglected. Moreover, it is important to note that the high velocity air
in the HR’s neck causes friction that results in damping, while the rela-
tive change in the pressure in the cavity due to displacement of the air
in the neck induces a restoring force [32]. This can be written in nonlin-
ear form with a and f representing the quadratic and cubic nonlinear
coefficients, respectively. Additionally, the effect of varying these pa-
rameters (« and f), particularly the coefficient of cubic stiffness, g, on
the potential structure and response dynamics of HR has been studied
in [31].

The specific heat ratio of air, y, which characterises the thermody-
namic condition of the air molecules, determines the potential parame-
ters, a and f. The gas’s specific heat ratio (y) is the ratio of its specific
heats at constant pressure to that at constant volume. The type of the air
molecules and the acoustic wave’s excitation frequency determine the
specific heat ratio of the air molecules in the neck. In general, adiabatic
processes occur in the cavity due to an increasing temperature gradi-
ent if the driving frequency is excessively high. Otherwise, the process
becomes isothermal at low driving frequencies [31]. Consequently, «
and f are dependent on the specific heat ratio of air, y. An intermedi-
ate value for the specific heat ratio, y = 1.4, can be utilised to define the
thermodynamic condition of the air molecules in the cavity and across
the neck [31]. The dimensionless nonlinear equation describing the mo-
tion of air molecules passing through the neck into the HR cavity, driven
by an external acoustic pressure, p,,,, can be rewritten as

jé+5x+x—ax2+ﬁx3=P, )

where P is the external acoustic excitation that determines the system’s
response behaviour. Other parameters of the system are rescaled using
Any P UA
V. pwo L,y g

n

t=wyr, X= and

A
pP= nPatm (8)

PVey Loy s

In Eq. (7), 6, which represents linear damping coefficient, facilitates
the description of the dynamics of the system. Usually, nonlinear damp-
ing can be ignored at low levels of sound pressure, but at high levels
of sound pressure, it is proportional to the cavity-to-neck volume ra-
tio and plays a significant role in the dynamic response of the system
[13,32,62].

3. Resonance dynamics of the HR system

In this section, we describe the response dynamics of the HR model
using system (7), with respect to the external acoustic excitation. It is
important to note that the significant dynamic regimes of the HR model
depend on its size and dimension. Hence, to study the resonance be-
haviour of the modelled nonlinear equation, system (7), we assume that
the acoustic excitation, P, is composed of both the amplitude F and the
frequency , of the sound wave. This is such that | P| = F cos Q 1, where
Q= wﬂo, the dimensionless frequency. It is worth noting that the goal
is to optimise the HR’s response for efficient acoustic energy harvest-
ing, and the underlying principle is that the wavelength of the acoustic
wave, associated with the sound pressure oscillations, is much longer
than the resonator’s dimension. Hence, the pressure oscillation can be
considered to have the same phase at every point within the resonator
[53,65].

3.1. Analytical description

To provide strong and convincing points on the dynamic response of
the HR model described by system (7), it is logical to treat the model as
a typical mechanical oscillator for a simple analysis. Therefore, Eq. (7)
can be rewritten as

5é+5x+£23x—ax2+ﬂx3=Fcosth, 9
where Qﬁ =1, the natural resonant frequency of system (7). In a lin-
earized form, Eq. (9) becomes

X+ 8%+ Q2x = FeosQ,t, (10)

which has a steady state solution of the form x(¢) = A; cos(Q 1+0), and
the response amplitude, A; given by

F
Ap=
\/(gzg - Q2)2 +(6Q,
aQ ay
0= —tan™! 7f.
@ -2
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Therefore, the response amplitude, Q is

Qana =7 = —F (12)

where £ = /(Q2 —Qi)z +629§,. The magnitude of F changes with
variation in the amplitude of the external acoustic force. Hence, the
instantaneous pressure of the acoustic field is proportional to the in-
stantaneous displacement, x of the system. Moreover, the condition for

de
aa; =0 and

2
4°¢ <. From these conditions, the
aQ?

value of Q ; at which Q is maximum can be obtained from [63,65-67],

Q to be maximum is

o, =\/o-2

‘max n 2

(13)

This shows the influence of the linear damping term, 6 on the resonant
frequency and the response amplitude Q of the HR system. However,
for an infinitesimal value of 6, the maximum resonant frequency of the
response amplitude, Eq. (12) is

Qo = /2. a4

Evidently, Q,,,, = Q,, the natural resonant frequency of the system, and
is used for both analytical and numerical investigations in this study,
except otherwise specified. This is because at the resonant frequency,
even a small amplitude periodic driving force will be able to produce
large amplitude oscillations.

3.2. Numerical simulations

To validate the analytically computed response amplitude Q, we
numerically integrate the nonlinear HR oscillator (Eq. (9)) using the
estimated parameter values. This is achieved by first calculating the lin-
ear resonant frequency of the system, w,, from Eq. (4). The frequency in
the linear regime as defined by the equation (4) is o, = 96.23 Hz. Next,
we rewrite Eq. (9) as a set of coupled first-order ordinary differential
equations (ODE) of the form:

dx .

a -7

dx as
N =—55c—Qﬁx+ax2—ﬂx3+Fcosth.

Eq. (15) was integrated using the Fourth-Order Runge-Kutta scheme
with a fixed step size At =0.001, and the following parameters, calcu-
lated from Eq. (8), were fixed throughout the analysis; 6 = 0.0661, Qﬁ =
1.0, a = 1.20, p = 1.36. We considered zero initial conditions, that is
x(#) =0 and x(¢) = 0, so that the output time series of Fourier sine and
cosine components are Q, and Q,, respectively. Hence, the response
amplitude, Q, is calculated from

Qnum = F (16)
0 =—tan™! <%> ,
0,
where,

nT
o= %/x(t)sinﬂft dt,
0

17

nT
0. = niT/x(t)costh dt.

0
The period of oscillation is given as T' = (21—”, where n =[1,2,3,...] is

the number of complete oscillations. To validate the theoretical results
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Piezoelectric film

Fig. 3. (a) The uncoupled prototype HR design. (b) Bottom cover of the HR,
showing the position of the piezoelectric film for acoustic energy harvesting.

in subsection 3.1, the analytically computed response amplitude, Q,,,,
obtained using Eq. (12), is compared with the results of the direct nu-
merical integration, Eq. (16).

4. Experimental set-up and measurement procedures

The 3D-printed design of the Helmholtz resonator (HR) device is
shown in Fig. 3. It was fabricated using polylactic acid (PLA), a ther-
moplastic polymer widely used in additive manufacturing (AM) due to
its low cost, ease of processing, and dimensional stability, with features
that make it suitable for a variety of engineering applications. Recent
advances in AM have enabled the rapid prototyping of acoustic struc-
tures such as HRs using materials like PLA, offering cost-effective fab-
rication and geometric flexibility. However, the acoustic performance
of AM-fabricated HRs can be affected by manufacturing-related factors
such as surface roughness, internal porosity, and dimensional tolerance
deviations [68-70]. These factors may lead to shifts in the resonance fre-
quency or a broadening of the response bandwidth, potentially affecting
the accuracy of acoustic energy harvesting systems. Despite these limi-
tations, controlled AM processes have been shown to yield acoustically
functional structures, as demonstrated in [71]. PLA remains a practi-
cal and valid material for prototyping, especially in early-stage acoustic
or energy harvesting research, where parametric studies and iterative
testing are essential.

Figs. 3a and 3b show the uncoupled resonator and the installed
Polyvinylidene Fluoride (PVDF) film for energy harvesting, discussed in
Section 5.2. Moreover, the sound pressure level measuring devices (SPL
meters) and the sound wave generator (Audio minirator) are shown in
Fig. 3c. The experimental setup is shown in Fig. 4. The experiment was
conducted in an anechoic chamber to isolate the test rig from environ-
mental noise and to eliminate reflected sound waves. This is done to
ensure that only the incident sound pressure generated by the acoustic
source is effectively received and amplified by the HR device. The ex-
perimental setup consists of the Helmholtz resonator prototype and a
minirator (MR-PRO) connected to a loudspeaker (Genelec 8030C), pro-
viding a complete set of analogue audio signals (sine waves). In addition,
a set of input and output acoustic waves, associated with the HR unit,
are measured using two sensitive microphones, which are connected
to their corresponding sound level meters (NTi-XL2). Useful pressure
amplitude data are acquired for analysis and system optimisation. To
ensure repeatability and reliability, all measurements were conducted
multiple times under the same experimental conditions. Each data point
in the presented plots represents the average of at least three indepen-
dent trials. The analog oscilloscope (RTB-2004) is connected to display
the generated voltage waveform of the acoustic energy harvester, when
the piezoelectric cantilever oscillates.

The actual resonant frequency of the HR device was obtained by
fixing the input sound pressure level, p;,, to 110 dB, while the input
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Fig. 4. The experimental set-up, showing the sensitive microphones, the sound pressure level measuring devices, the Minirator and an oscilloscope.

frequency is varied within the design range. The sound pressure ampli-
tude inside the HR device was measured for each input frequency and
the maximum amplitude was identified. Although, in principle, the fre-
quency response of loudspeakers is not flat over a frequency range to
produce a constant pressure amplitude, qualitative results are obtained
by adjusting the sound pressure level relative to the acoustic pressure
with the minirator. Consequently, the experimental investigation re-
vealed an optimal resonant behaviour at a frequency, w,,, =110 Hz.

5. Results and discussion
5.1. Frequency response

First, we present the results obtained for the traditional resonance
in Fig. 5. The frequency-response curve of the modelled HR unit de-
scribed by Eq. (9), is shown in Fig. 5a. The system’s analytical response,
QO na> is compared with the numerically computed response, Q,,,,,. The
curves are clearly in good agreement. The influence of varying the am-
plitude of the acoustic external excitation, F, on the frequency response
of the system is shown in Fig. 5b. Note that the values considered for
the force amplitude, F = [0.0003, 0.0021, 0.0672, 0.1194, 0.2124],
correspond to sound pressure levels, SPL (dB) = [95, 110, 140, 145,
150], respectively. The system response Q decreases with increasing F.
It should be noted that F = [0.0672, 01194, 0.2124] are very high lev-
els of sound pressure, and the peak shifts observed on the resonance
curves are the typical hardening behaviour of the HR unit, when driven
by a high force [30-32]. This is an important characteristic of HR mod-
els, which demonstrates that their dynamic behaviour is akin to that of
a Duffing oscillator, where the nonlinear spring constant determines the
softening or hardening behaviour of the system.

The dependence of the system response amplitude Q on F is shown
in Fig. 6a, for four different values of the excitation frequency, Q, =
[1.00, 1.05, 1.10, 1.14]. The figure depicts the variation of Q with in-
creasing pressure amplitude, F, when the excitation frequency, Q/, is
slightly varied around the characteristic resonant frequency. To unravel
the underlying dynamical mechanism associated with the occurrence
of acoustic resonance at distinct parameter values of the sound wave
components, a three-dimensional graph of the relationship between the
response amplitude, O, and the amplitude of the sound wave F and its
frequency €, is shown in Fig. 6b. The figure (Fig. 6b) clearly shows
regimes of significant enhancement, as shown by Figs. 5b and 6a. With
the peak in the range 0 < F < 0.05, it is clear that the system resonates
effectively for F < 0.1. The red region indicates high response regimes
for the sound pressure level, SPL > 84 dB but < 140 dB.

To further characterise the dynamic response of system (9), and
validate both our numerical and theoretical results, we present the bi-
furcation diagram of the HR model in Fig. 7. Although the figures mimic
those reported in [31], we emphasise that the results in this study are

19— y y y . ' i .
- = ‘Numerical
— Analytical
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4 '-*l e [ = ().2124

Fig. 5. (a) Frequency response curve, showing the dependence of response am-
plitude Q on the dimensionless frequency Q,. The solid red line represents
the analytically-calculated Q,,, from Eq. (12), while the dashed blue line rep-
resents the numerically-computed Q,,, from Eq. (15). (b) Dependence of Q
on Qf, for five different values of the amplitude of the acoustic excitation,
F =10.0003,0.0021,0.0672,0.1194,0.2124].

novel and distinct, since the dynamic response of the modelled HR sys-
tem was obtained using realistic parameter values. First, we examine
the effect of frequency variation on air molecule displacement in the
HR cavity, in Fig. 7a. Here, it is clearly evident that increasing the value
of Q, changes the behaviour of the system. The implication is that the
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Fig. 6. (a) Dependence of the response amplitude Q on the amplitude F of
the acoustic excitation, for four different values of the excitation frequency,
Q, =[1.00,1.05,1.10, 1.15]. (b) Surface plots of Q against Q, and F, showing
that the system resonate effectively for F < 0.1, with the peak in the range
0 < F <£0.05. The red region indicates regimes of strong enhancement.

sensitivity of the system varies with frequency. Therefore, to discuss the
possibility of initiating resonance from the system’s parameters and the
acoustic force, we categorised the influence of the excitation frequency,
Q/ into three stages; Stage I, Stage I and Stage 111, in the range
0<Q;<058,058<Q, <121 and Q > 1.21, respectively. Our re-
gion of interest is Stage I 1. This is because our objective is to enhance
the system response to weak acoustic excitations. Moreover, within
the specified frequency range, 0.58 <Q, < 1.21, which corresponds to
55.81 Hz < @ < 116.44 Hz, the displacement A, of the system increases
with increasing frequency. The displacement A, of the system gradually
increases and reaches its maximum value at 116.44 Hz, as the frequency
of the external acoustic force increases from a low value. When Q , in-
creases further, A, jumps abruptly and discontinuously. Hence, it shows
that the system exhibits a jump or hysteresis phenomenon. In particular,
the measured resonant frequency (w,,, = 110 Hz) from the experiments
is also captured by the frequency range. The dimensionless value is
shown in the figure (Fig. 7a), Q,,, = 1.14.

A bifurcation diagram provides a framework for understanding how
small variations in the operating conditions of a nonlinear system can
abruptly change its response. These nonlinear transitions, often unde-
tectable in perturbation-based models like those used in acoustic energy
harvesting (AEH), are crucial to predicting, controlling, and optimising
performance. By directly analysing the full nonlinear dynamics, we re-
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Fig. 7. Bifurcation diagram of the HR system (Eq. (9)) with, (a) increasing exci-
tation frequency, Q,, when the amplitude of the acoustic wave F = 0.2124; (b)
increasing amplitude, F, while Q = 1.00 and 1.15.

veal other hidden features of HR, and the bifurcation structures that
govern the onset of jump phenomena and sensitivity of the system, all
of which are essential features for next-generation AEH designs.

To further analyse the behaviour of the system, subject to changing
values of the acoustic force parameters, Fig. 7b provides the bifurcation
diagram for the variation of A, with increasing amplitude of the sound
wave F, for Q, = 1.00 and 1.14, the dimensionless resonant frequency
obtained analytically (,,,) and experimentally (€,,, ), respectively. Al-
though the system response with €,,, is greater than that of Q,,,, we
observed that the behaviour of the system is similar for both frequency
values, particularly, when F > 0.13. Moreover, the response at the lower
values of F (F < 0.13) is higher for the analytical case. On the other
hand, the dynamics of the HR unit, as predicted by our experimental
model based on the measured value of the resonant frequency, Q,,,, is
very realistic. This is because at a relatively fixed frequency with low
sound pressure level, it is possible to have a linear relationship between
the response of the HR unit and the amplitude of the acoustic force. Oth-
erwise, the sudden jump or sudden increase in displacement, A, when
F >0.13, can only be attributed to the complex nonlinear behaviour
of the HR unit [30,31]. In other words, this could be the effect of the
significant difference between the root mean square (rms) value of the
acoustic pressure (p,,,;) and its equivalent sound pressure level (SPL
d B), at higher values. Therefore, F = 0.13 can be termed a critical pres-
sure amplitude (F,). Subject to other physical and ambient conditions,
this can be further analysed experimentally.
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Fig. 8. (a) The superimposed response curve of the systems’s amplification factor
with changing frequency. The analytical curve is plotted with markers (dashed
line), while the solid line represents the experimental curve. (b) Residuals be-
tween experimental and analytical amplification amplitude.

Next, we used the experimental data to characterise the resonance
dynamics of our HR design. To gain a deeper insight into the resonance
dynamics of the system, when subjected to an acoustic pressure, and
highlight the novelty of our model in describing the response behaviour
of the prototype HR unit, we compared the analytical response curve
with the experimental curve. This is shown in Fig. 8a. Experimentally,
this is achieved by computing the efficiency of the system in terms of the
pressure amplification factor A,, which is the ratio of the output sound
pressure (p,,) of the HR unit to the input sound pressure (p;,). The
variation of the amplification factor A, with frequency shows that the
system exhibits a resonant behaviour at w,,,, presented with a solid line
in Fig. 8a. More so, we defined the amplification factor, A4, by rescal-
ing the analytical response amplitude, Q, such that, A » =$0, where
¢= é was empirically fitted to align the theoretical response amplitude
O with the experimental amplification factor, A,. This factor accounts
for physical differences in units and domain. This approach is commonly
adopted when comparing theoretical models to physical systems where
direct analytical calibration is complex or impractical. This is plotted us-
ing a dashed line with markers, as shown in Fig. 8a. The comparison is
logical, based on the typical assumption that the amplitude of the exter-
nal acoustic pressure is proportional to the system’s response amplitude,
0O [30,31,65]. The observed frequency shift indicates that nonlinearity
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Fig. 9. (a) Linear fit of experimental amplification curve, with a least squares
linear fit equation, A, = 4, f + 4,, where 1, =0.0412, and 4, = —2.2599. (b)
Comparison of fitted experimental response and simulated bifurcation trend, (i)
unscaled amplitude and (ii) the rescaled system response with a least squares
equation A =o¢, f + 0,, where 5, =0.3884, and ¢, =0.2217.

increases with rising acoustic pressure. Furthermore, the classical theory
describing the behaviour of air molecules inside an acoustic resonator
assumes adiabatic conditions. Based on this, the Helmholtz number, H,,
is defined in terms of the neck length L, , speed of sound ¢, and resonant
frequency w, as:

Ln
Hez T @,

[30].

Here, we estimated H, = 0.012 and 0.013 for the analytical and
the experimental resonant frequencies (v, and ,,,), respectively. Both
Helmholtz numbers are approximately equal, and very much less than
unity (H, < 1) [30]. This implies that our modelled equation of sys-
tem (9) describes the motion of the air molecules in the HR’s cavity
accurately. Additionally, the shape and characteristics of the HR de-
vice are crucial for applying the theoretical formula, particularly in the
low-frequency range, when kh < 0.5, where k is the wave number and
h is the cavity length [72]. However, the estimation of the HR’s res-
onant frequency loses significance when kh > 0.5, as the divergence
of the results obtained using the theoretical formula increases signifi-
cantly. To confirm the previous results associated with the designed HR
unit, we used an approximation, kh ~ 0.057 (i.e. kh = 20—”cooh) [72]. This
implies that the error in the analytically computed resonant frequency
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is insignificant. Therefore, the difference between the theoretical and
experimental resonant frequencies of the system can be attributed to
other nonlinearities associated with the dynamics of the Helmholtz res-
onator. For example, in typical mass-spring-damper systems, such as the
Duffing-type oscillators, nonlinearities increase the resonant frequency,
thus widening the frequency range over which energy is harvested, es-
pecially at the high frequency range [39,41-43,73]. Such systems have
been extensively studied and it has been established that ideally, a hard-
ening stiffness configuration will generate the same maximum amount
of power as a linear system but over a wide frequency range, depending
on the degree of nonlinearity [73].

It should be noted that both the analytical and the experimental res-
onant frequencies, w, and ,,,, were captured at Stage I, as shown
in Fig. 7a. It is worth mentioning that the occurrence of resonance, fa-
cilitated by the frequency variation and the excitation level of the air
molecules in the HR’s cavity, is controllable in Stage I, for efficient
performances [31]. Meanwhile, it is also important to note that acoustic
and mechanical resonances are inherent in HR structures, which could
be observed at slightly different resonant frequencies [9,10]. Therefore,
it is logical to assume that w,, the analytical resonant frequency, only
accounts for the associated mechanical effects on the system. However,
Q,,, is apparently the operational resonant frequency. Consequently,
our modelled equation, system (9), can be used to predict the response
dynamics of the HR unit. However, it would be curious to know the pos-
sibilities of taking advantage of the system’s performance, particularly
in Stage I, for improved acoustic energy harvesting. This is because
the results can be promising and highlight the transformative potential
of HR designs.

To validate the analytical model, we first compare its predictions
with experimental results by analyzing the residuals, as shown in Fig. 8b.
The residual plot reveals a systematic deviation, highlighting a shift
in the resonance peak between the model and experiment. Positive
residuals dominate at higher frequencies (above 100 Hz), indicating
that experimental amplitudes exceed theoretical predictions, particu-
larly near the experimental resonance at 110 Hz. Conversely, a negative
dip around 96-100 Hz, where the theoretical model peaks, confirms a
misalignment in resonance peaks or a potential phase shift in the ana-
lytical response.

Despite these discrepancies, the overall trend indicates that the
model remains structurally sound and captures the system’s dynamic
behaviour, especially in the amplification and resonance regimes. To
assess the validity of a linear approximation, we focused on the fre-
quency range of 55.81-116.44 Hz, where the system exhibits a near-
proportional response. Fig. 9a shows the linear fit of the experimental
data, represented by a continuous line, while Fig. 9b provides a direct
comparison between the fitted experimental response and the simulated
bifurcation trend. Fig. 9b(i) presents unscaled amplitude variations (A,
and Ap), and Fig. 9b(ii) shows the rescaled response using the least
squares fit:

A=o0,f+0,, where o;=0.3884, 0, =0.2217.

The experimentally fitted response was rescaled to match the am-
plitude bounds in the bifurcation diagram. The resulting trend closely
follows the simulated response, suggesting strong alignment between
experimental observations and the expected dynamic behaviour un-
der increasing excitation frequency. Quantitative comparison over this
regime yielded a root mean square error (RMSE) of 0.1484, a mean abso-
lute error (MAE) of 0.1300, and a coefficient of determination (Rﬁ ror) of
0.9582, confirming strong agreement and validating the linear assump-
tion within this bandwidth.

Finally, it is important to note that resonance behaviour, influenced
by frequency variation and the excitation levels of air molecules within
the HR cavity, remains highly controllable in Stage II. This control-
lability provides a useful mechanism for optimising acoustic energy
harvesting in real-world applications [31]. This foundation enables the
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exploration of new pathways for addressing resonance-induced indus-
trial and environmental acoustic challenges. In the next section, we
discuss and analyse acoustic energy harvesting using our Helmholtz res-
onator (HR) design.

5.2. Acoustic energy harvesting

To facilitate optimal acoustic energy harvesting with our HR design,
a piezoelectric PVDF film was integrated into the system, as shown in
Fig. 3. For electrical power generation, the PVDF film was configured as
a cantilever beam—rigidly fixed at one end to the base of the Helmholtz
resonant cavity, with the other end left free to vibrate in response to the
acoustic pressure field. This setup establishes a classic fixed—free bound-
ary condition. Mechanical coupling was ensured by securely mounting
the clamped end of the PVDF to the inner base surface of the cavity,
allowing the film to respond directly to the cavity’s resonant acoustic
excitation.

This simple, uniform cantilever configuration was chosen not only
for its physical effectiveness but also for its suitability for analytical
modelling. As illustrated in Fig. 10c, the design supports tractable the-
oretical analysis of the electromechanical response under varying ex-
citation frequencies. Note that it has been established in the literature
[74,75] that a single-layer piezoelectric cantilever vibrates in response
to external excitation. Under resonant conditions, the resulting mechan-
ical strain and bending effect lead to the generation of electric energy.

A piezoelectric film can produce electricity in either the 31-piezo-
electric mode or the 33-piezoelectric mode, depending on whether the
polarization and external forces move in the same or opposite directions.
The amplified air pressure inside the HR cavity excites the piezoelectric
cantilever installed at the base of the cavity, causing it to vibrate at its
resonant frequency. This is because the resonant frequency of the HR
structure has been designed to match that of the piezoelectric strip. The
vibration of the piezoelectric strip leads to the generation of electric
energy. The piezoelectric film used in this study is operated in the 31
mode. Some basic properties of the piezoelectric film are provided in
Table 2 [44].

5.2.1. Dynamics of the piezoelectric cantilever with acoustic pressure

Here, we present the constitutive analytical equation, the numerical
simulation, and the systematic description of the piezoelectric configu-
ration. Accordingly, the equation for the operation of the piezoelectric
film in the 31-modes is

Sy= sf,Ti+d3 E; }

r 18)
Dy= dy T, +e5,E;,

where S| is the strain, 7| is the stress directed towards the length of
the piezoelectric layer; E; and D; are the electric field and electric dis-
placement, respectively; e3T3 is the permittivity at constant stress of the
piezoelectric layer, and dj; is the transverse piezoelectric coefficient
[53].

Several mathematical models of vibrating beams are useful in
describing the dynamics of energy harvesting systems, using piezo-
electric films [5]. The response of a piezoelectric cantilever strip to
low-frequency vibrations is also important and can be obtained using
Eq. (18). In addition, the equation is useful for understanding the gen-
eral behaviour of a piezoelectric cantilever. However, most models only
predict the first vibration mode of the beam, since some components of
the electromechanical coupling of piezoelectric devices [7,45] are ig-
nored when simplified models are considered. Researchers have looked
into distributed parameter models using Rayleigh-Ritz discretisation,
which offers more accurate solutions than lumped-parameter models.
Using Euler-Bernoulli beam theory, researchers have also sought to cre-
ate precise analytical solutions for the piezoelectric cantilever harvester
[5,53].

Consequently, this study utilises the simple uniform cantilever ar-
rangement for the acoustic energy harvesting, described in Fig. 10. The
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Fig. 10. Features of the energy transducer; (a) the piezoelectric film sensor (model FS-2513P), and (b) the dimension of the sensor. (¢) Schematic diagram of the

piezoelectric cantilever.

Table 2
Summarised parameter values of the
PVDF film (www.midascomponents.co.

uk).
Parameter Value
Width w 13.0 mm
Height h 25.0 mm
Thickness 0.2 mm
Piezo strain constant dy; 23 pC/N
Damping ratio { 0.05
Coupling factor x 0.14
Relative permittivity ¢, 12-13
Young’s Modulus Y 2 -4 GPa
Capacitance C, 380 pF/cm?

configuration facilitates a straightforward analytical solution. The cross-
section of the Polyvinylidene Fluoride (PVDF) film and its dimensions
are shown in Figs. 10a and 10b, respectively. Moreover, some basic
properties of the piezoelectric film [44] are shown in Table 2. Hence,
assuming all of the harmonic loadings on the piezoelectric cantilever
are uniform, the displacement, y, which is the measured separation be-
tween the neutral plane and the beam’s bottom surface, can be written
as [53]

Eyshf + SlElph12z + zlelphphS

, (19)
2sE hy, + Eyhy)

xX=

where h, is the thickness of the piezoelectric material and A, is the
thickness of the substrate material. The elastic constant of the substrate
is represented by Ey,, while s,;, is the elastic compliance at constant
electric field.

The mechanical displacement of the cantilever under acoustic exci-
tation induces strain along the PVDF film. Owing to the piezoelectric
effect, this strain generates an electric field within the material, result-
ing in a measurable voltage across its electrodes. This electromechanical
coupling forms the basis for predicting the voltage output of the system.
Thus, the induced voltage, as obtained in [53], can be calculated from

I,= wo(VCy+ A,p;,7,)
p 0 pFin‘p } (20)

KApp,-,l

11

7, is the coupling factor between the induced electric charge and the
applied voltage. The harmonic excitations due to the amplified acous-
tic field yielded «, the sensitivity of the open-circuit voltage. p;, and
A, are the input acoustic pressure and the HR’s amplification factor,
respectively.

Generally, the natural frequency of the piezoelectric cantilever and
the spatial solutions of the beam’s eigenfunction modes, shapes, and the

eigenvalue roots can be computed from [76]

B
" 2m \my

Interestingly, the number g, depends on the boundary conditions and
consequently, it imposes the task of finding values that satisfy the res-
onance equation. This implies that each distinctive value is expected to
have a unique natural resonant frequency. To ease this task, one can
also express the frequency equation, (Eq. (21)) in an elegant form, by
putting into consideration the length of the cantilever beam, in the form

_GL? s,
In=Snr2 my’

such that the first five possible non-dimensional eigenvalues for the
fundamental vibration mode are 1.8753, 4.6941, 7.8548, 10.9955 and
14.1372, for n=1, 2, 3,4 and 5, respectively [53,76].

Usually, the goal is to modulate the resonant frequency of the bilayer
piezoelectric cantilever, Eq. (22), to match the fundamental frequency
of the resonating air molecules in the cavity (Eq. (14)), so that, the
piezoelectric film can vibrate optimally to generate maximum power.
The most important aspect is that the loading effect on the piezoelec-
tric cantilever depends on the pressure in the HR’s cavity, which is
proportional to the ambient acoustic force. This implies that the vi-
bration of the cantilever increases over time with increasing amplitude
of the external acoustic pressure. The variation of the induced voltage,
[Voe| with the dimensionless frequency, Q, computed analytically us-
ing Eq. (20) is shown in Fig. 11. The figure presents the effect of varying
amplitude of the input sound pressure (F) on |V,,|. It is evident that
as the amplitude grows, so does the generated voltage. Interestingly,
Fig. 11a displays the induced voltage with the high pressure values
(F =[0.0672,0.1194,0.2124]) in the macro-scale, whereas Fig. 11b dis-
plays the voltage in the micro-scale, with F =[0.0003,0.0021].

2D

(22)
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Fig. 11. Dependence of the induced voltage, |V,.| on the dimensionless fre-
quency Q, computed using Eq. (20) for different amplitude of the external
acoustic pressure, F =[0.0003,0.0021,0.0672,0.1194,0.2124].
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Fig. 12. The frequency-response curve of the acoustic energy harvester in stage
11I; (a) variation of the output sound pressure, p,, (Nm~2) of the HR, with
increasing frequency, and (b) the dependence of the induced RMS-voltage on
the frequency of the acoustic wave.

Next, we present our control experiment results in Fig. 13, which
establish the resonant frequency of the piezoelectric film and provide a
baseline for comparison. By varying the distance d between the sound
source and the film, we minimized experimental bias and strengthened
the credibility and reproducibility of our findings.

Fig. 13 shows the dependence of generated voltage on d at a con-
stant frequency (f = 110 Hz), both with and without the Helmholtz
resonator. At the closest distance (d = 0.025 m), the film produces ap-
preciable voltage in both configurations, with peak voltages V., of 84.2
mV (with HR) and 21.0 mV (without HR). This fourfold increase in volt-
age output when using the HR demonstrates its effectiveness, even as d
increases, the resonator-enabled configuration continues to harvest sig-
nificant energy, whereas the output without the HR rapidly diminishes.
These results validate the practical efficiency of our HR design under
realistic acoustic conditions.

To further demonstrate the robustness of our experimental approach,
we varied the sound-wave frequency while keeping the source—film sep-
aration d fixed. Fig. 14a shows the superimposed voltage-frequency
curves for d =[0.025,0.05,0.10,0.15] m. Together with the distance-
dependence data in Fig. 13, these results confirm the consistency and
reproducibility of our measurements. The voltage response curves main-
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Fig. 13. Performance of the piezoelectric film at varying distances from the
acoustic source with and without HR.
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Fig. 14. (a) The superimposed voltage curves as a function of frequency for
different separation distances, d = [0.025, 0.05, 0.10, 0.15, 0.20] (m), with
a fixed input sound pressure level, p,, =95 dB. (b) The superimposed response
plots of the generated voltage, V' as a function of sound pressure level, (SPL) with
varying distance, d = [0.025, 0.05, 0.10, 0.15, 0.20] (m) at constant frequency,
f=110.

tain their characteristic shape and relative magnitudes across all tested
distances.

To further examine the effect of the separation distance between the
sound source and the HR on the performance of the AEH, we plotted
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Fig. 15. (a) Variation of the harvested power with frequency for different dimen-
sionless load resistances, R; (R; = [1000, 1500,2000,3000]), computed using
Eq. (20) and Eq. (23). (b) The experimental dependence of the generated power
on frequency for varying load resistance, R; (R, =[1.0,1.5,2.0,3.0]k€).

the dependence of the generated voltage, V,,, on output sound pres-
sure level, p,, for four different distances, d =[0.025,0.05,0.10,0.15]
(m) in Fig. 14b. This is achieved by fixing both the input sound pressure
level and the frequency. The figure (Fig. 14b) further confirms the pre-
diction of increased voltage with a high acoustic amplitude in Fig. 12a.
The implication is that the magnitude of the incident acoustic pressure
determines the resultant output voltage generated by the AEH.

5.3. Power extracted by the AEH

Power extracted by the AEH is used as a performance metric, to mea-
sure the functionality of the design. To complement our findings and
measure the energy harvesting capability of the AEH device, the piezo-
electric film was connected to a resistance box in series, and the external
resistance was equal to the source impedance of the piezoelectric patch
to extract maximum power. Thus, the harvested power can be calculated
from [77]

VZ
RMS
P, = R (23)
e R,

where R; is the load resistance in Ohms (Q). We estimated the power
generated by the system analytically, when a load resistance, R; is con-
nected. The variation of the power with frequency for different dimen-
sionless load resistances, R; (R; = [1000,1500,2000,3000]), computed
using Eq. (20) and Eq. (23) is shown in Fig. 15a. The experimental
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Fig. 16. (a) The harvested optimal power variation with load resis-
tance, R, for different dimensionless optimal resistances, R,, (R,, =
[1000, 1500, 2000, 3000]), calculated using Eq. (20) and Eq. (23). (b) The plots
of the experimentally harvested optimal power as a function of load resistance,

R, for different optimal resistances, Rop, (Rmpr =11.0,1.5,2.0,3.0]k).

dependence of the generated power on frequency for varying load re-
sistance, R; (R; =[1.0,1.5,2.0,3.0]kQ) is presented in Fig. 15b. It is
evident from Fig. 15 (both Fig. 15a and Fig. 15b) that the power output
exhibits a sharp peak at the resonant frequency, indicating maximum en-
ergy harvested by the AEH at resonance. The system achieved 7.50 pW
maximum power with a 1.0 kQ load resistance, at resonance.

Also, we evaluated the design using normalized power density,
achieving a maximum of 0.015 pW/cm?. Although our analysis fo-
cuses on a single PVDF film within the resonator cavity, the prototype’s
performance suggests that harvested energy could be substantially in-
creased by installing multiple films or by arraying several AEH units.
This scalability highlights the reliability and potential of our design for
applications such as standby power along rail lines or low-power elec-
tronic devices. For example, Wang et al. [44] demonstrated significant
electricity generation by deploying multiple AEH units in arrays along
high-speed rail tracks.

Fig. 16 shows the variation of the generated power with different
load conditions. Since external pressure increment, resonant frequency,
and the piezoelectric film’s capacitance all affect the ideal power gener-
ated with fixed resistance [10,77], the measured optimal resistance may
vary for any given situation. The theoretical and experimental results
on the harvested power are shown in Figs. 16a and 16b, respectively.
The variations are exactly in the same manner. The maximum harvested
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Table 3
Comparison of the harvested power by AEHs that utilises HR units.
Reference Incident Sound pressure  Volume of Frequency Harvested Metric pyW/
SPL (dB)  (Pa) harvester (cm?) (Hz) power (uW)  Pa’.cm’
[9] 130 63.25 13.12 1453 - 1542 214.23 0.004
1710 - 1780
1848 - 1915
[10] 100 2 200 217 (Acous. resonance) 27.2 0.034
341 (Mech. resonance) 64.4 0.0805
[15] 100 2 3972.22 170 - 206 137 - 1430 0.0089 - 0.09
[19] 100 2 19.44 2257.5 8.8 0.1132
[20] 114 10 2.133 155 210 0.985
[46] 100 2 251 175 7.3 0.0072
[53] 145.5 376 55.5 834 0.094 1.198 x107*
[54] 100 2 - 401 100.8 -
[55] 114 10 11.66 2722 93.13 0.079
[58] 94 1 - 550 520 -
Thiswork 95 1.12 500 110 7.5 0.012
power was obtained with the Rop, = 1kQ. To maximize harvested power, N 10 (a) Power per unit area #,
load matching is crucial, as shown by the power-load resistance charac- S s %
teristics in Fig. 16. For effective energy extraction in real-world sensor 3 i F "
networks and Internet of Things applications, where power budgets are % f b
. . . . []
often limited [78], selecting the appropriate load resistance (or employ- = ]
ing adaptive impedance-matching circuits) is essential. Different sensors hd J

and modules have varying input impedances, and any deviation from the
optimal resistance can drastically reduce available power, adversely af-
fecting node uptime, data transmission reliability, or sensing accuracy.
To ensure reliable and sustainable operation in autonomous or inter-
mittently powered systems, it is important to understand and adjust the
load resistance accordingly.

Building on the importance of optimal load matching, our results
demonstrate that the proposed AEH device provides a notably more
compact solution for low-frequency acoustic harvesting than earlier de-
signs. Moreover, even when limited to a single HR unit, our system
outperforms several previous studies in this frequency range, despite the
inherently low power density metrics, highlighting both its efficiency
and practical advantage for space-constrained applications.

We further evaluated our AEH design by calculating its energy har-
vesting efficiency using output power per unit area (£) and logarithmic
power sensitivity (). The efficiency, & that describes the output power
per unit area, harnessed by the AEH when a load resistance R; is con-
nected to the harvester, can be expressed as

=2, 24)

Also, to characterise how efficiently the prototype device converts
sound energy into electrical power, we defined the logarithmic power
sensitivity, # as the ratio of the output electrical power P, to the input
acoustic power P, , such that the logarithmic power sensitivity can be
written as

P{’
n=10log;o [ == ).
P"m

The variation of these performance metrics, £ and #, with changing fre-
quency of the incident sound wave is plotted in Fig. 17a and Fig. 17b,
respectively.

In Fig. 17a, a sharp response peak is observed at the resonant fre-
quency, 110 Hz, reaching a maximum of approximately 8 pW/cm?. This
indicates a strong resonance at that frequency where energy harvesting
is most efficient per unit area. Outside the peak, power density is nearly
zero, showing the sensitive of the system to frequency band. Addition-
ally, in Fig. 17b, a smooth and stretched peak occurs, covering a wide
frequency range (95 — 120 Hz), with a maximum sensitivity of around
38 dB. The logarithmic power sensitivity increases gradually with fre-
quency up to resonance and then decreases, showing the ability of the
device to convert acoustic power into electrical power efficiently. The

(25)
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Fig. 17. Efficiency plots of the system as a function of frequency; (a) variation
of power per unit area with frequency, and (b) the variation of the system’s
sensitivity.

broader curve suggests this metric is less sensitive to slight frequency
shifts than the raw power per unit area. This shows the robustness and
effectiveness of our designed HR in amplifying the incident sound wave,
and indicates high efficiency of the prototype AEH.

On the other hand, it is important to mention that typically, most res-
onant energy harvesters have limited operational bandwidth [60,73],
which our design is one. Hence, this accounts for the sharp peak in &
with small bandwidth but high efficiency. Therefore,  (dB) provides
a more robust indicator for real-world conditions, where slight detun-
ing may occur. The implication is that our prototype AEH is ideal for
targeted acoustic environments, such as machinery with fixed noise fre-
quencies, aircraft or railway noise. To illustrate further, Table 3 lists the
differences between the reported AEHs and our fabricated AEH based
on a number of characteristics, including SPL, device size, resonant fre-
quencies or bandwidth, output power, and power density.

6. Conclusion

The design of high-performance acoustic energy harvesting devices
for the low-frequency regime remains a significant research priority.
This study investigated the behaviour of a Helmholtz resonator (HR)
prototype and demonstrated its ability to amplify sound pressure at its
resonant frequency, which was demonstrated both analytically (e, at
96.23 Hz) and experimentally (€,,, at 110 Hz). A set of sound pressure
values, F,, was identified, below which the HR’s response amplitude
increased linearly with the external acoustic force without shifting the
resonant frequency. These findings confirmed that the HR effectively
enhanced sound amplification at a single resonant frequency while ab-
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sorbing acoustic waves at other frequencies. Aside from the chaotic
and complex dynamics of the HR system reported in Refs. [30,31],
we demonstrated that the system also exhibited jump or hysteresis be-
haviour at higher acoustic pressure.

The system exhibited amplitude magnification at the jump point,
which both increases strain on the harvesting diaphragm and boosts
power output. This behaviour offers two key advantages, which are
(i) Nonlinear resonance amplification: Enhances energy harvesting per-
formance near critical operational points. (ii) Broadband operation via
bistability: Hysteresis supports multiple stable states over a frequency
range, widening the effective harvesting bandwidth [6-8,79]. This is
especially beneficial in real-world environments with fluctuating acous-
tic sources.

To further explore the HR potential, a piezoelectric Polyvinylidene
diFluoride (PVDF) cantilever film, was integrated into the system for en-
ergy harvesting purposes. A significant amount of energy was generated
with the HR, about four times the value without the resonator. By tuning
the mechanical resonance of the piezoelectric cantilever, to align with
the HR’s acoustic resonance, the fabricated acoustic energy harvester
(AEH) generated a peak output of 84.2 mV at Q,,. with a fixed input
sound pressure level (SPL) of 95 dB at a close range. The integration of
the piezoelectric strip demonstrated the feasibility of using the HR de-
vice for rail-related noise control and as an alternative energy source to
power low-voltage devices.

In conclusion, this study establishes the Helmholtz resonator as
an effective and sustainable system for acoustic energy harvesting,
with broad potential applications in noise control and low-power en-
ergy solutions. The single-unit Acoustic Energy Harvester (AEH) pro-
totype demonstrated a normalized power density of approximately
0.015 pW/cm? and a power sensitivity of 38 dB, yielding a measured out-
put of about 7.5 uW under resonant acoustic excitation. While modest,
this output is sufficient to intermittently operate or trickle-charge ultra-
low-power IoT devices, such as Bluetooth low energy (BLE) beacons
or wireless temperature, humidity, and vibration sensors with average
power consumption below 10 uW, by leveraging duty-cycled operation
and energy storage (e.g., supercapacitors). A practical deployment sce-
nario involves integrating AEH arrays into acoustic noise barriers along
high-speed rail lines or within tunnel walls, where passing trains gener-
ate ambient acoustic energy. The system’s compact, low-maintenance,
and non-intrusive design supports scalable integration, enabling dis-
tributed powering of trackside monitors, environmental sensors, or fault
detection units. While a single unit’s output is limited, array config-
urations present a viable pathway for real-world applications. Future
work will focus on analysing acoustic wave absorption within the system
boundaries using advanced numerical simulation techniques to optimise
transducer efficiency, broadband response, and system integration un-
der diverse field conditions.
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