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In this paper, a novel age-structured delayed mathematical model to control Aedes aegypti mosquitoes via Wolbachia-infected
mosquitoes is introduced. To eliminate the deadly mosquito-borne diseases such as dengue, chikungunya, yellow fever, and Zika
virus, the Wolbachia infection is introduced into the wild mosquito population at every stage. This method is one of the promising
biological control strategies. To predict the optimal amount of Wolbachia release, the time varying delay is considered. Firstly, the
positiveness of the solution and existence of both Wolbachia present and Wolbachia free equilibrium were discussed. Through
linearization, construction of suitable Lyapunov-Krasovskii functional, and linear matrix inequality theory (LMI), the exponential
stability is also analyzed. Finally, the simulation results are presented for the real-world data collected from the existing literature

to show the effectiveness of the proposed model.

1. Introduction

Mosquito-borne diseases represent the vertical trans-
mission of bacteria and viruses from mosquitoes to hu-
man while female mosquito taking a blood meal.
Mosquito-borne diseases such as dengue, chikungunya,
yellow fever, Zika virus, and Japanese encephalities cause
over one million deaths per annum [1, 2]. Gubler in [3, 4]
explained that the dengue and dengue hemorrhagic fever
are the most common issues for public health. The pri-
mary vector for most of the mosquito-borne diseases is
Aedes aegypti, and recently Aedes albopictus also add as a
secondary vector [5]. In the past sixty years, the spread of
mosquito-borne diseases has increased dramatically [6].
More than that, per year, dengue causes nearly 20

thousand deaths all over the world [7]. Also, nearly 112
countries are attacked by mosquito-borne diseases [8].
In recent years, there are several articles are available to
control vectors by genetic modifications [9]. Moreover,
some biological control methods to replace the wild mos-
quitoes by releasing genetically modified mosquitoes are also
tried by some researchers. Those biological control methods
are sterilization of male mosquitoes [10, 11] and genetic
modification to reduce the reproduction and increase the
life-shortening bacteria Wolbachia [12]. Furthermore, via
finding the reproduction number of a mathematical model
which depicts the virus transmission via human sexual
contact was analyzed in [13]. In [14], the author tried some
other types of control agents such as bed nets, mosquito
repellents, indoor residual spray, condoms during sex,
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medically treating infected human, and quarantine. How-
ever, in [15], the author tried to control mosquitoes by
making modifications in feeding behaviours.

In this environment, our main aim is to control the
vector population that transmits the virus to the uninfected
human while taking a blood meal. There is a life-shortening
bacterium called Wolbachia which will be very useful to
reach our aim; in [16], Mcmeniman et al. analyzed the stable
introduction of Wolbachia in Aedes mosquitoes. Wolbachia
is a Gram-negative bacterium, and it is first reported in the
tissues of the mosquito Culex pipients (Hertig and Wolbach,
1924) [17]. In recent results, they found that yellow fever
virus can also be blocked by Wolbachia [18].

If a mosquito carries this bacterium, then the virus inside
the mosquito does not get transmitted into the uninfected
human. It blocks the virus inside the mosquito at salivary
gland. This can be understood with Figure 1.

In Figure 1, the process of releasing Wolbachia bacteria
into mosquito population is as follows:

(1) In laboratory, the Wolbachia pipients are injected
into eggs, larvae, and pupae of Aedes aegypti via
microinjection.

(2) Cytoplasmic incapability (CI): the adult Wolbachia-
infected mosquitoes which are reared at the laboratory
are released to the wild mosquito population of Aedes
aegypti. Through this process, there exist three types of
possibilities which are

(i) If the Wolbachia-infected female mosquitoes
mate with the Wolbachia-infected male, then
the progeny should have the Wolbachia by birth
which is compatible.

(ii) If the Wolbachia-infected female crosses with
Wolbachia-uninfected male, then the progeny
face the same problems as in (i).

(iii) If Wolbachia-uninfected female crosses with
Wolbachia-infected male, then there is no viable

progeny.

These two processes can be virtually understood by
Figure 2.

In eggs, larvae, and pupae population, we can mi-
croinject the Wolbachia and release this in patches at
dengue-suspected areas. This process is practically done
by placing “Zancu kits” around the people living areas.
And the adult mosquitoes which are reared at lab can also
be released into wild mosquito population. This process is
called “introgression.”

Various mathematical models have been studied to
understand the interplay among Wolbachia and non-
Wolbachia mosquitoes. In [19], the author considered the
Wolbachia bacteria as a mechanism to control arbovirus,
and his experimental studies show that the spread of Zika
virus among mosquitoes and human was notably re-
duced. The same process for dengue virus spread was
studied by Segoli et al. in [20]. In [21], the author has
created a mathematical model considering only adult
female mosquitoes and converted the model into
endoepidemic model consisting of adult female
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mosquitoes and human population. In [22], the authors
proposed a mathematical model depicting the life stages
of mosquitoes with Wolbachia and proved that Wolba-
chia has excellent quality to control dengue virus spread.
In that work, Koiler et al. discussed the virus as well as
Wolbachia in both mosquitoes and human. Also, the
objective is to predict the appropriate release of this
bacterium, and the basic reproduction number was an-
alyzed. Supriatna et al. in [23] developed a mathematical
model to express the dynamics of dengue virus in both
human and Aedes aegypti mosquitoes. In that, the human
vaccination and Wolbachia introduction were used as
optimal control methods. In [24], authors discussed the
birth and death rate impulsive model to control mos-
quito-borne diseases using Wolbachia via the strobo-
scopic map method. The integer-order mathematical
model which describes the interplay among the wild and
Wolbachia-infected mosquitoes was analyzed in [25]. In
that work, the author divided the mosquito population
into two groups: one is aquatic and another one is adult.
In [26], the author proposed a mathematical model to
describe the persistence of Wolbachia via two-sex stage-
structured model.

Hence, with a full understanding of the interplay among the
Wolbachia and non-Wolbachia mosquitoes in our work, we
have created a mathematical model consisting of 10 stages to
ensure the success of the proposed strategy. With reference of
the practical results in [18], we can release the Wolbachia in
every stages in the forms of “Zancu kits” and “Introgression.” So
to obtain an optimal control, it is necessary to consider each and
every variable. Because we know that in mathematical mod-
eling, each and every parameter plays an important role. Up to
our knowledge, this is the first article considering the control
inputs in 10 stages incorporated with time-varying delays.

By motivated by the above discussions, the main con-
tribution of this paper is as follows:

(i) The main aim is to establish a novel mathematical
model to describe the interplay among the both
non-Wolbachia (wild mosquitoes) and Wolbachia-
infected mosquitoes with time-varying delay.
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FIGURE 2: Block diagram representing the mechanism of Wolbachia infection in mosquitoes.

(i) We found that our method will increase Wolbachia-
infected mosquitoes in terms of CI rescue team and
non-Wolbachia mosquitoes go to annihilation.

(iii) We have proved that the releasing of adult female
Wolbachia-infected mosquitoes is more beneficial
than the releasing of adult male Wolbachia-infected
mosquitoes.

(iv) There exists no literature on exponential stability
results of delayed Wolbachia and non-Wolbachia
age-structured model. This gap is filled by our work.
Finally, by using real-world data, we checked the
dynamics of the proposed model by using MATLAB
LMI tool box.

The rest of the paper is arranged as follows: in Section 2,
the novel mathematical model which describes the interplay
among the Wolbachia free and Wolbachia present mosquito
population is proposed. In Section 3, the analysis of the
model such as positiveness of the solution and existence of
equilibrium points are discussed. In Section 4, the expo-
nential stability results of the linearized delayed system with
time-varying delay is presented. In Section 5, numerical
simulation results are presented. The work is concluded in
Section 6.

2. Preliminaries and Model Formulation

In this section, some basic definitions and lemmas which are
used to derive our results are presented. And the interaction

between wild mosquitoes and Wolbachia-infected mos-
quitoes is modeled.

Definition 1 (see [27]). A model is said to be exponentially
stable at its equilibrium point, if there exists y > 0 such that

Iy ()]l < [®lle” ", foreveryt > 0. (1)

Lemma 1 (Schur Complement, see [28]). Let us denote three
nxn matrices as V,¥,,¥;, where ¥, =¥ and
Y, =¥ >0. Then ¥, +¥;¥,;'V,<0 if and only if
¥, \P3T -, \113
<0 <0.
[ v, -y, [TV vy

Lemma 2 (see [29]). For any scalar € >0, E,N € R”, and
matrix P, then

1
ETP\N<5EP,PE+ §NTN. (2)
€

2.1. Modeling the Life Stages of Wild Mosquito Population.
In a common environment, Aedes aegypti mosquito pop-
ulation has five important life stages such as eggs (W, (1)),
larvae (W, (t)), pupae (WP (t)), matured female mosquitoes
(Wf(t)), and adult male mosquitoes (W, (t)) (Figure 3).
These life stages with respect to time ¢ can be modeled as
follows:
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FIGURE 3: Schematic representation of interaction between non-
Wolbachia and Wolbachia-infected mosquitoes.

(4, (1) _ AW, W,

- /lnge - ngWe’

dr T
% =Y We = AWi =y, W)
] d"‘;;;(t) = Yo Wi = A, Wp =V W ®
dmili(t) =pPru, Wy =4y Wi
dmiiat(t) = =Py, Wy = A, W,
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2.2. Modeling the Interaction between Wild and Wolbachia-
Infected Mosquitoes. In this subsection, we modeled the
release of Wolbachia-infected mosquitoes into the wild
mosquitoes in the mosquito-borne disease suspected areas.
The Wolbachia infection is released in both aquatic (Zanku
Kits) and ariel stages. Therefore, by using the language of
mathematics, we can model the interaction between wild
and Wolbachia mosquitoes as follows:

f dWe (t) _ AngfWa

- Awe‘/ve - Ywewe’

dt T
dw, (1)

dlt = Ywewe - /\wlwl - ywlwl +(1- ‘X)Yifle’
dw, (t)

= YW A W=y, Wy + (1= Byl
dw ; (t)

= PYu WA Wt L=y p; Iy,
dw, (t)

== PV, Wp = Ay W + (1~ s)yip(l —pi Mo

AT, (W, +1

dlét(t) _ N f(Ta a)_/liele_“)’ig]e’
ar ()

e ayile =N = Byl

dI, ()
P -
a Byili =Ai I, —ey; I,

dI,(t)
S _
—aq =Pyl A Iy

dr, (1)
dt - (1 - pi)syiplp - Aiula'

(4)

To understand the system of equations in (4), refer
Figure 3.

In the above mathematical model, the production of eggs
can be found by the term (A, W W,/T). That is, eggs
without Wolbachia infection (W, () are produced by the
mating between wild female (W 7)) and wild male (W)
mosquitoes, where T is the total population which can be
calculated by the following expression:

T=W,(t)+W,(t) +Wp(t) +Wf(t)+Wa(t)+Ie(t)
+1; (1) +Ip(t) +If(t)+1a(t).
(5)

Along with this, the terms A,, (natural mortality rate of
non-Wolbachia eggs) and y, (maturation rate of non-
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Wolbachia eggs) denote the limitations in the growth of
wild mosquito eggs. At the same time, after release of
Wolbachia-infected mosquitoes (in both aquatic and ariel
stages) in a common environment, the production of
Wolbachia-infected mosquito eggs I,(t) depends on
mating between Wolbachia-infected female I () and non-
Wolbachia male W, (t) and from mating between Wol-
bachia-infected female I [ (t) and Wolbachia-infected male
I, (t). This implies that the birth rate of Wolbachia-infected
mosquito egg population I, (¢) with the reproduction rate
A is

(6)

A(I W, +100,) AT (W, +1,)
T - T '

Similarly, the increase in growth is limited by the natural
mortality rate A; and the maturation rate y; (that is, the rate
in which the coerresponding compartment moved into the
next stage).

Furthermore, (1 - a)y; I, is added to the wild mosquito
larvae population. Because the terms « and (1 — &) denote
the probability of getting larvae with and without Wolba-
chia, respectively. Similarly, f and (1-/) denote the
probability of getting pupae with and without Wolbachia,
respectively, € and (1 —€) denote the probability rate of

having Wolbachia infection in adult mosquitoes by intro-
gression. That is, € be the probability of getting Wolbachia-
infected adults (with p; =probability of getting male and
(1 - p; ) =probability of getting female). Because of these
reasons, the terms (1 -a)y; I, (1 -y, I, (1 -¢€)y; Pi Ly
and (1 —e)y, (1-p; ), are added to the correspondmg
stages, and 31m11arly, the terms ay; I, fy;I; and ey; I are
removed from the correspondmg stages. And the other
parameters used in this model are described in Table 1.

3. Analysis of the Model

In this section, we analyze the positivity, existence of
equilibrium points, and stability of the system of equations
in (4).

3.1. Positivity of Solutions

Lemma 3. For all t>0, the solutions (W, W,
Wp, Wf, W, 1,1, Ip, If, 1,) are all nonnegative if the initial

values W, >0, W;>0, W,>0,Wg>0,W;>0,1,>0,1;>0,
I1,>0, If>0, I,>0.

Proof. Let us define

i = sup{u>0: W,(0)>0,W;(0)>0, W, (0)>0,W ;(0) >0,W,(0) >0,

(7)
I,(0)>0,1;(0)>0,1,(0)>0,1;(0)>0,1,(0)>0 € [0,u]}.
From (7), ii>0. Let us consider the first equation of The integrating factor is
model (4), that is, ~
dw, (1) _ Ay WfWa LF = eIo (A“’ery“’e)d”' 9)
dt = ‘ T - chwe - chw
Multiply (9) with (8) on both sides
dw, (1) AW W,
dt (/\wz sz)we - T .
(8)
dW (t) (/\ +yw2)d,u ;()twe-#ywe)dy A WfW (Awe+ywe 10
i J (ch + ywc)Weejo # I . (10)
That is,
di‘u {We (t)ej.l(: (’lwe*’})we)dlu — AwveWaeJS (’\we+ywe)dﬂ-

(11)
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TaBLE 1: Parameters involved in the population dynamics of Aedes aegypti mosquitoe.

Ay, A Reproduction rate of non-Wolbachia mosquitoes and Wolbachia-infected mosquitoes, respectively
A, The mortality rate of non-Wolbachia eggs
Ay, The mortality rate of non-Wolbachia larvae
/lwp The mortality rate of non-Wolbachia pupae
/\wf The mortality rate of non-Wolbachia adult female mosquitoes
A, The mortality rate of non-Wolbachia adult male mosquitoes
A The mortality rate of Wolbachia-infected eggs
/\if The mortality rate of Wolbachia-infected larvae
/\ip The mortality rate of Wolbachia-infected pupae
/\,-f The mortality rate of Wolbachia-infected adult female mosquitoes
Ai, The mortality rate of Wolbachia-infected adult male mosquitoes
Yo, The rate at which the corresponding part of the wild mosquito eggs forms in which the larvae of wild mosquito emerge
Yu, The rate at which the corresponding part of the wild mosquito larvae forms in which the pupae of wild mosquito emerge
The rate at which the corresponding part of the wild mosquito pupae forms in which the immature female or male of wild
Vw, mosquito emerge
The rate at which the corresponding part of the Wolbachia-infected mosquito eggs matured into Wolbachia-infected or

Vi, uninfected larvae

The rate at which the corresponding part of the Wolbachia-infected mosquito larvae matured into Wolbachia-infected or
Vi uninfected pupae

The rate at which the corresponding part of the Wolbachia-infected mosquito pupae matured into Wolbachia-infected or
Vi, uninfected adults
p The probability of having male or female mosquitoes
T Total population

Integrating on both sides with respect to y € [0, 7],

~ U — ~
TR I UL AN I

0
0

IS
J (ha 1, )am

_ “
13 Awve (S)Wa (S)eJ’O(AwE + YU)E)dS

W, (f)e . T

- We(O)e0 = j s,

_ H
J# Ay W (W, (s) j (A, + Vo, )ds
\ o) oVt Ve
0 T

" A dp
ds+W,(0) e JO( we+yw8) H,

W, () = (12)

- : V
[ KOREBENR KRB
0 T

W, (@) =

“
J O )

+W,(0)e

This implies that W, () > 0.
Similarly, we can prove that for the positive initial values,
the solution is positive. O

3.2. Existence of Equilibrium Points. In this section, the
possible cases of existing equilibrium points are discussed.

Furthermore, the null mosquitoes equilibrium point
(0,0,0,0,0,0,0,0,0,0) is omitted because this case does not
exist in nature.

3.2.1. Wolbachia Free Equilibrium. In this subsection, we
can find Wolbachia free equilibrium by equating the system
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of equations in (2) to zero and putting I; =0, I} =0, By solving equations (13), we get the equilibrium point
I; =0, I} =0,and I =0. S, as
1 J1 1
That is,
AweW}l W

T : _/\weW:I _YweW; =0,
Yo We, =AW =VuW; +(1-a)y, I; =0,
1 Wi -)prw;l —waW;l +(1-B)y I} =0,

pwaW;l - )twa}l +(1- s)yippiwl ;1 =0,

[ (1=p)yu, Wy, — A, Wi +(1=2)y; (1-p;, )T, =0.
(13)

yweWZI Yw,chW:I PYwawlych;kl
(Awl + le) ()‘wl + le></\wp + pr> Awf (Awl + ywl)<Awp + pr>

S, ={w:

(14)
(1=P) Vu, Vi Yu,We,
A, () (R, + 1)

)0$0>070)0)0 >

where 3.2.2. Wolbachia Present Equilibrium. In this subsection, we
5 2 can find Wolbachia present equilibrium by equating the
TA, Ay ()Lw +Yu )(/\w + yw) ()Lw +Yu ) system of equations in (4) to zero. That is,
W* _ f a e e 1 1 P P ] (15)

€

P(L=P)Ay Ve Vi Vi

*

(AW W, . .
# - )LwEWen ~YuWe, =0,
waan - /\lel’; - yle;; +(1- oc)yieI:n =0,
YuWi, = d Wy =V, W, + (1= PyI; =0,
pypr;” - )twa;n +(1- s)yippiwI;n =0,

(1= Py, W), = A Wa +(1=0)y, (1-p, )T, =0,

4 (16)

AT (W) +T0
S Metlo) e ety =0,

‘ineIZn - )‘illl: —/J’Yillz*ﬂ =0,

ﬁ)’i,lli - /lipI;" - ey,-pI;n =0,
Pis)’ip[;n - Aiflj‘n =0,

| (1- Pi)eyipl;n - Aiul:;ﬂ =0.
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By solving the system of equations in (16), we get the
following equilibrium point in terms of I}:

S = WL WL WL W3 WL 0 n=23

W* = (/\w, + Vw,> (Awp + wa> TB\B,Bsi by, \ I,
o Yo, Yu, A (L =p)pivw, | Vu,

Ao, + Vo (1-Py; )\, B, (1-a)y; \; B,B,
. 14 14 b I, L' 1y
[34@“,, ' le)< Y ) +(Awl ’ le)( Yuw, )(ﬁ)’i, (1 - Pi)) ' “Vig(l _Pi) ’

w;
Aw +Y
vi-(5)
w;

TB,BBA A, ] ( (1- /3)in> A, B, ]
- B4 a, |~ >
A, (1= ppivu, " Y LBV, (1=p))

TB,B,B;; A,
=|—" 7 *_B,I|
P AL (L =ppy,
17
.  Pluw, TBIBZB3Aiwaa ; (1- e)PiwAia x (7
Wy = -B, |+—7=I,
m A, AL (L= PPy, ] edy, (T=p)
TB,B,B:);
W =g
" pil\;, "
. BB, I,
o “Yie(l - Pi),
P (1= pyey,
r PiliaI;n
I (1 _Pi)/\if’
aI? +a,0 +ay =0, (18)
with I; >I7 , both roots can be found from the quadratic
equation: where
AwePB4YwP
a =——>
TA,
f
o= Ao, + Y, \ [ MwAi,pB1B2Bs Aw, By
2 T/lwf PiAiZ/\wf (1 - P) 1
(19)
(A, + yw,)(AwP + ywp)B4 . (A, + Vu,) (1= B)A, B, . (1-wA; BB, |
Yo YuB(1-p) a(l-p) )
A STEEEL,

Ay = —F—— .
PO (- p)pihy,
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where

B, =1+ ;

i,

B,=1+ Ai’

2 = R

ﬁ)’i,

(20)
By=1+_%
’ ay;

1. (l—e)(l—piw))tia
- -pery,

3.2.3. Existence of Wolbachia Free and Wolbachia Present
Equilibrium. The equilibrium points exist if it satisfies the
following conditions:
(i) S exists provided that W;‘l #0and 0<p<1.
(ii) S, and S3* exist provided that I7,.I; #0 and
(1- p)eyiplp <Aj.

[(dW,(t) AW W,
dt T

dw, (1)

dt

aw, (1)
dr

dw (1)
d

dw, (¢)
dt

dIe (1) _ AiEIf (Wa + Ia)

dt T

di;(t)
dt

dr, (¢)

dI; (1)

dr, () _

4. Stability Analysis

In this section, the stability results of the system of equations
in (2) by linearization, Lyapunov—Karasovskii functional, and
LMI approach. To optimize our differential model, we con-
sider the delay terms into account as discussed in [30] ie.,
where W, (t — 1, (t)) is the produced wild egg density at time
(t — 7, (t)) from which the wild larvae density at time ¢ is
produced, W, (t — 7, (t)) is the produced wild larvae density
at time (f — 7, (¢)) from which the wild pupae density at time
t is produced, W, (t — 75(¢)) is the produced wild pupae
density at time (¢ — 75 (t)) from which the wild female or male
density at time ¢ is produced, I, (t — 74 (t)) is the produced
Wolbachia-infected egg density at time (tf — 7, (f)) from
which the Wolbachia-infected larvae density at time f is
produced, I;(t — 7, (t)) is the produced Wolbachia-infected
larvae density at time (¢ — 7, (t)) from which the Wolbachia-
infected pupae density at time ¢ is produced, and I , (f — 74 (t))
is the produced Wolbachia-infected pupae density at time
(t — 14(t)) from which the Wolbachia-infected female or
male density at time ¢ is produced. These considerations make
our system of differential equations to system of delay dif-
ferential equations:

- /\weWe ~YuWe

=Y We(t=1,(8) =AW, =y, W, + (1 - @)y, I,
= YuWi(t =1, (t)) - AwPWP ~Yu, Wy + (1-By; 1,
= PYw, W, (L=735(8) =4, Wy + (1 =2y, p; I,

= (1= )y, W, (1= 75(0) =2, W, + (1= 0)y; (1-p;, )T

(21)

= A, —ay L,
=ay; I (1 - 7)) =L I, = By, I,
T Byi i (1 =77 (1)) - AT, —eyi Iy
dr pisyiplp (1-715(1) - /\ifIf’

i (1 _Pi)SYi,,Ip (I-175(0) - A L.
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By linearizing, the following system describes the in-  where
teraction between wild mosquitoes and Wolbachia mos-
quitoes as

M(t) = AM(t) + BM(t — 7(t)) + g(M(t)) + Cu(t), t>0,
M(t)=n(t), tel[-1,0],
(22)

M(t) = [W (OW, (OW , (DW r (OW, ()L, ()], ()], ()] ; (DI, (8) ]T;
M(t-7)=[W(t-7,(1)) Wi(t-1(0) W,(t-75() Wy(t-1,(t) W,(t-15(1) IL(t-76(t))

(=T (0)) I (- (0) Ip(t- (1) Ia(t—rlo(t))]T,

u(t)=[0000 0 u, uy, us uy, us]'; 0<T<T.

Ay, ~Vw, O 0 0 0 0 0 0 0 0
0 Ay 0 0 0 (I-ay, 0 0 0 0
0 0y, ~A, O 0 0 (1- Py, 0 0 0
0 0 0 A, O 0 0 (1-oy,p, 0 0
0 0 0 0 A, 0 0 (1-oy,(1-p,) 0 0
A= ,
0 0 0 0 0 -k -ay 0 0 0 0
0 0 0 0 0 0 =X -y, 0 0 0
0 0 0 0 0 0 0 A, - ey, 0 0
0 0 0 0 0 0 0 0 A, 0
L o 0 0 0 0 0 0 0 0 -A |
ro 0 0 00 0 0 0 007
Yo, O 0 00 0 0 0 00
0 Yy, 0 00 0 0 0 00
0 0 py, 000 0 0 00
0 0 (1-py,, 00 0 0 0 00
B= ,
0 0 0 00 0 0 0 00
0 0 0 00ay 0 0 00
0 0 0 00 0 Py 0 00
0 0 0 000 0 pey 00
[0 0 0 00 0 0 (1-pey, 00]
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(00000000007
00000000O0O0
00000000O0O0
00000000O0O0
00000000O0O0
C= >

0000010000
0000001000
0000000100
0000000O0CT1O0
L0O0O0OO0O0O0O0O0O0 1]
r Ay myms

T

0

0

0

0

g(M (1)) =

Ay myg (ms +my,)

T

0

0

0
L 0 _

(23)

Assume that 7(t) = max{r, (t),7, (),75(t),7,(t),
75 (1), 76 (), 77 (1), T4 (1), T (£), T3 (1)}, and it is bounded,

M* = [ W (W} (W5 (W5 (W (0T (0T} (0 (0T (01 (0],

differentiable, and nonnegative. Now, consider an equilib-
rium point of system (22) as

(24)

u'=[00000 u u u u ul]

Let y(t)=M(t)-M*, and this implies that
y () +M* =M(t). And U(t) = u(t) — u*. Then the mod-
ified system is

{)’/ (t)=Ay () +By (t—7(£)) + g(y (1)) +CU (t),

y(@®) =y (@), tel[-7,0],

t>0,

(25)

with w(t) = m — M"* be the initial condition.

In general, stability is an important requirement to study
dynamical systems [31-33]. In following theorem, we de-
rived the sufficient for exponential stability results for system
(25).

Theorem 1. The system (25) is said to be exponentially stable
if there exist positive definite matrices P, and P, and positive
scalars €, and €, such that
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[20P, + A'P, + K'C"P, + AP, + P,CK + BP, BP, P, 0 0]
* -€ 0 0 0
Y= * *x —€, 0 0|>0 (26)
* * % € —(l-nP,B 0
* * * * S
. . t
with 7(t) = 1. Moreover, V(y () = ey ()P, y (8) + L . 37 (5)BEPP, y (s)ds.
ly ()l <e > [Aar () + Ay ()l 1 = 27120 ] 11y (28)
- A (Py) Now, the time derivative of the Lyapunov-Krasovskii

(27) equation (25) is

Proof. Let us consider the following Lyapunov-Krasovskii
function:

20t - T

V(y(1) =20¢"" y" ()P, y (1) + € 5T ()P, y () + "y ()P, (1)
+y ()Be*" Pyy (£) = (1= 7()y" (t = 7(£))Be*" P,y (t - (1))
= [20y" ()P y (1) + 37 (DPy (1) + y" (P, 5 (1)
+y  (OBPy (1) = (1 =)y’ (t = T(£)P,By (t = 7(1))]
=" [y (D20P,y (t) + Ay (t) + By (t - T(£) + f (y (1)) + CU(1))" P, y (1)
+y (P, (Ay(t) + By (t —7(t)) + f (y (1)) +CU (1)) + y" (£)BP,y (t)

—(1=my" (t-7(®)P,By(t —1(1)]

Put U (t) = Ky (t), the linear feedback control,

= [y (1)20P,y(t) + y" (VAP y(6) + y" (t =T ()B'Py (1) + T (y())Py (1)
+ yT (t)KTCTPly(t) + yT (t)AP y(t) + yT (t)BPy(t—7(t) + yT ()P, f (y (1))
+y ()P,CKy () + y" ()BP,y (t) = (L= n)y" (t — 7(t))P,By(t - T(t))]

=" [y"(t)(20P, + A'P, + K'C"P, + AP, + P,CK + BP,)y(t) + y" (t = 7(£))B"P, y (¢)

+y" (OBPy(t —7(0) + [T (y ()P y () + y" (OP, f (y(1) = y" (t = 1()) (1 = mP,By (t - 7(1))].

functional V (y (t)) along with the trajectories of system of

(29)

(30)
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By using Lemma 2, we can get the following inequalities:

13

Y (t-1()B"Py(t)+y ()BP,y(t—1(t) <€y’ (t—1(8)y(t—T1(t))
+e;'y  ()BPB p] y (1),
FTOWPy®+y OP fO)<ef  (yO)f (y(1) + &'y (PPl y (1)
<[y (t)(20P, + ATP, + K'C"P, + AP, + P,CK + BP,)y(t)

+ey (t—1®))y(t-1(t) +€¢ 'y ()BP,B P y(t)

(31)

+ef T (yO)f (1)) + &'y (PP y(t)
skl P GIO

+e¢ ' BP\P|B' +¢, PP )y(t)

+ T (e f (y (@) +y" (t—1(1) (e

—(1=nP,B)y(t - 7(1))].

V (y(t)) <e*{" ()W (t), where

where ¥,, =20P, + ATP;+ K'C"P, + AP, + P,CK + BP,
+€;'BP,P/B" +¢,'P,P].

v, 0 0
Y= 0 ¢-(1-nP,B 0|, (32)
0 0 €
[20P, + A"P, + K'C'P, + AP, + P,CK + BP, BP, P, 0 0]
* -€ 0 0 0
Y = * % —€, 0 0 [>0. (33)
* * % e —(1-nP,B 0
I * * * e,

Hence, by Lemma 1, ¥Y>0 = V(y(t)) <0. Moreover,
V(y(1) <V (y(0)). Here,
0
V(y(o)) — eZG(O)yT (O)Ply(O) + J yT (S)Bezo'spzy(s)ds
-7 (t)

0-7(t

0
<A (PO + das (PP [ s
5 1- eZUT(t)
=Au (P1)||1V|| + Ay (Pz)"W" [T]

1- eZoT(t)
= [Aaa (P) + 2y (Pz)nwn[z—nnwn.
o
(34)
where A, (+) is the maximum eigen value of (-).Here,
V(y(®)ze* Ay (p1)lly DI, (35)

Now,

_ J201(t)
V(yct»sv(y(o»s[AM(Pl)MM(Pz)nwu[l - ”nwn.

(36)

This implies that

— 20t [AM (P1) + Ap (Pl [1 - EZUT(t)/ZUHHV/"

Nl <
ly@®l<e Ao (P))

(37)

and by Definition 1, our system (25) is exponentially
stable. O

Remark 1. 1f the system (25) is without time-varying delay
terms, then the results of Theorem 1 have changed as follows:
the possible Lyapunov function is V (¢) = e**'y™ (t)P,y (t)
with the sufficient conditions
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5. Numerical Simulations

= * - 0 [<0. The numerical simulation results of system of equations in
% S— (21), based on the real-world data, are mentioned in Table 2.
Consider the following system:
Iy O <e™ Iyl F(6) = Ay(O) + By(t—1(t) + g(y(1) +CU (), £20,
G8) {y(t>=w(t), te 7,0l
Then the system (25) is without time-varying delay is ex- (39)
ponentially stable. with numerical values
[-0.2784 0 0 0 0 0 0 0 0 0 7
0 —-0.2784 0 0 0 0.0300 0 0 0 0
0 0 -0.2784 0 0 0 0.0300 0 0 0
0 0 0 -0.0714 0 0 0 0.0600 0 0
0 0 0 0 -0.0714 0 0 0.0150 0 0
A= 0 0 0 0 0 —-0.2484 0 0 0 0 ’
0 0 0 0 0 0 —-0.2484 0 0 0
0 0 0 0 0 0 0 -0.2035 0 0
0 0 0 0 0 0 0 0 -0.1429 0
L O 0 0 0 0 0 0 0 0 —-0.1429 |
r 0 0 0O 00 O 0 0 007
0.1499 0 0 00 O 0 0 00
0 0149 0 00 O 0 0 00
0 0 01199 00 O 0 0 00
B 0 0 0030000 O 0 0 00 ; (40)
0 0 0 00 O 0 0 00
0 0 0 0001199 0 0 00
0 0 0 00 O 01199 0 00
0 0 0O 00 O 0 0.0600 0 0
L O 0 0 00 O 0 0.0150 0 O
00000000007
0000000000
0000000000
0000000000
0000000000 .
““looooot1oooolf
0000001000
0000000100
0000000010
LOO0OO0OO0O0OO0O0O0 1

with the control gain matrix
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TaBLE 2: The parameters used in numerical simulation.

Ay, Reproduction rate of non-Wolbachia mosquitoes 1.25/day [34]
A Ay w, Non-Wolbachia aquatic death rate (1/7.78)/day [35]
Yup Yup Yo, Non-Wolbachia maturation rate (1/6.67)/day [36]
wph, Non-Wolbachia adult death rate (1/14)/day [35]
/\,-e,/\il,)tip Wolbachia adult death rate (1/7.78)/day [35]
i, Wolbachia adult death rate (1/7)/day [37]
A Wolbachia reproduction rate (0.95 = A,, /day) [34]
VioVip Vi, Wolbachia-infected mosquitoes maturation rate (1/6.67)/day [37]
o 00 0 0000 O ] 1.4
000 0 0000 0 0 2 '
I ]
000 0 0000 O 0 2
208 1
000 -01882 0000 © 0 50.6 -
o
000 0 0000 O 0 = 04 :
K = ;o (41) 012’ |
000 0 0000 O 0
0
000 0 0000 0 0 0 20 40 60 80 100
Time ¢t (days)
000 0 0000 O 0 e We e WS
000 0 000 0 1.2860 0.1611 —— Wp
000 0 0000 00979 1.1765 FIGURE 4: Population dynamics of wild mosquito.

with €, = 0.7875 and €, = 0.9151.

Remark 2. The numerical simulations derived in our paper
shows that the allowable upper bound of the time-varying
delay 7(t) = 0.7899. However, the existing literature used
the classical method such as Pontryagin maximum
principle and Jacobian matrix method, by finding the sign
of eigen values, fractional-order mathematical models [38,
39], and through finding the reproduction number to
analyze the stability of the model. In our work, we have
used LMI approach. However, compared with the other
algebraic methods LMI approach is less conservative.

Figures 4 and 5 depict the population dynamics of
wild mosquitoes and Wolbachia-infected mosquitoes at
the initial release of Wolbachia, respectively. From
Figure 6, we can observe that the Wolbachia-infected
population also tends to decrease in numbers. Our aim is
to maintain the Wolbachia population in certain
quantity to spread Wolbachia among wild mosquitoes
naturally. Because of this reason, we have released an-
other batch of Wolbachia-infected mosquitoes as an
optimal control. After this release, we can observe from
Figures 7 and 8 that the level of Wolbachia-infected
mosquitoes is increased to certain quantity and wild
mosquito population is decreased to zero.

Wolbachia-infected mosquitoes

40 60 80 100
Time ¢t (days)

rrrrrr Ia e IF
rrrrrr 1l <o Ia
,,,,,, Ip

F1GURE 5: Population dynamics of Wolbachia-infected mosquitoes.

Remark 3. For the optimal control to ensure the successful
release of Wolbachia, the data from Table 2 are substituted in
the system of equations in (21). From this we obtained the
following results: Figure 4 denotes the dynamics of non-
Wolbachia mosquitoes, and Figure 5 denotes the dynamics
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Interaction between wild and Wobachia-
infected mosquitoes

—+— We Ia
- W 1l
—— Wp Ip
- Wf If
—+— Wa JE

FIGURE 6: Population dynamics of both wild and Wolbachia-in-
fected mosquitoes.

12

10 b ]

Wolbachia-infected mosquitoes

0 20 40 60 80 100
Time t (days)

F1GUrE 7: Population dynamics of Wolbachia-infected mosquitoes
after the linear feedback control.

of Wolbachia-infected mosquitoes. We can observe that the
Wolbachia release in two main stages is not enough to
control wild mosquitoes. In this, we noticed that the
Wolbachia-infected mosquito population also goes to an-
nihilation. Refer Figure 6, when comparing wild mosquitoes
with Wolbachia-infected mosquitoes, it is increased and
Wolbachia is not carried out to next generation. By
implementing our proposed strategy, if we released Wol-
bachia in every stage, the Wolbachia-infected population is
increased to certain level and maintained at that level
(Figure 7) for the remaining period; at the same time, the
Wolbachia population is annihilated without any increase
(Figure 8).
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infected mosquitoes
o

Interaction between wild and Wobachia-

41
2 '.';“ 1
o e

0 20 40 60 80 100

Time ¢t (days)

—— We Ia

— W 1l

—— Wp """ IP

- Wt If

—— Wa Ia

F1GURE 8: Population dynamics of both wild and Wolbachia-infected
mosquitoes after the linear feedback control.

6. Conclusion

A novel integer-ordered age-structured delayed mathe-
matical model to describe the interplay among the wild and
Wolbachia-infected mosquitoes was proposed. The posi-
tiveness of the solution and existence of both Wolbachia
present and Wolbachia free equilibriums were analyzed. By
using some mathematical techniques such as linearization,
Lyapunov-Krasovskii functional, and LMI theory, the ex-
ponential stability results of the proposed model were
established. By using MATLAB, the numerical simulation
results were presented to show the effectiveness of the
created mathematical model. Our results show that the
release of adult female Wolbachia-infected mosquitoes is
more beneficial than the release of adult male Wolbachia-
infected mosquitoes.
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