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Abstract1

This sequel is concerned with the analysis of robust synchronization for a multi-weighted2

complex structure on fractional-order coupled neural networks (MWCFCNNs) with linear3

coupling delays via state feedback controller. Firstly, by means of fractional order com-4

parison principle, suitable Lyapunov method, Kronecker product technique, some famous5

inequality techniques about fractional order calculus and the basis of interval parameter6

method, two improved robust asymptotical synchronization analysis, both algebraic method7

and LMI method, respectively are established via state feedback controller. Secondly, when8

the parameter uncertainties are ignored, several synchronization criterion are also given to9

ensure the global asymptotical synchronization of considered MWCFCNNs. Moreover, two10

type of special cases for global asymptotical synchronization MWCFCNNs with and without11

linear coupling delays, respectively are investigated. Ultimately, the accuracy and feasibil-12

ity of obtained synchronization criteria are supported by the given two numerical computer13

simulations.14
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1 Introduction17

Nowadays, differential equations and dynamical networks have received great attention from18

many researchers as a result of their potential application in different fields which include19

biology [1–3], physics [4,5], engineering [6,7], mathematics [8,9], information technology20

and so forth [10,11]. Especially, synchronization of complex networks dynamical behaviors21

has become a heat research and it plays an immense role to mathematical modeling of the22

real world objects like social networks, global economic markets, disease network modeling,23

food web, power grid, WWW and so on, and some excellent results have been paid in more24

as of late, see e.g [12–17] and references in that. In [18] Lin et al. applied a decomposing25

matrix method to analyze the delayed complex networks under asymmetric coupling. Rui26

et al. [19] investigated the pinning synchronization of delayed complex networks by Taylor27

expansion. In [20], Yi et al. has delivered intermittent control with non-period based expo-28

nential synchronization problem of complex networks with time delays under non-linear29

coupling.30

As is known to every one of, every network in real-world objects can be modeled by31

multiple weighted complex network dynamics, for instance, transportation networks, com-32

plex biological neural networks, public traffic networks, communication networks and so33

on. For example, we are contacting with friends via specific channels together with Gmail,34

Whatsapp, Facebook, Instagram, letters, mobile phone and so on, and every way of con-35

tact strategy depicts for various coupling. In this circumstance, social media networks can36

be modeled by more than one or multiple weights. Therefore, the investigation of complex37

dynamical networks with multi weights is necessary and intriguing issues. In recent years,38

synchronization analysis has always been a hot research topic in identical network systems,39

especially complex networks, neural networks and Boolean control networks [17,21–24],40

and many applications have been found in different areas. Nowadays, the investigation of the41

synchronization analysis of multi-weighted complex dynamical networks have been received42

much attention, for example [25–28]. In [27], Shui-Han et al. presented a finite-time syn-43

chronization criteria for multiple weighted complex dynamical with coupling delays and44

switching topology by using Dini derivative method and linear feedback control strategy. In45

[28], the authors developed the adaptive control strategies to achieve the H∞ synchronization46

for multiple weighted complex dynamical networks via Lyapunov method and some famous47

inequality techniques.48

Nowadays, the research on fractional-order delayed dynamical systems brought about49

numerous fruitful achievements due to the fact a few scholars and researchers were con-50

tributed to this area [29–31]. In the application perspective, fractional order calculus is51

applied in many fields, for instance epidemic models [32], control theory [33], biological52

models [34] and so on. On the other hand, the dynamical investigation of networks models53

with time delays have been gained more and more attention, recently, a variety of time delays54

have been considered in the study of various networks models [35–38]. In reality, many55

real-world systems need to be described with the aid of fractional order models because of56

the fact dynamics of fractional-order models are more correct than integer-order models. In57

plentiful applications, time delays are inevitable in realistic system designs, for example,58

complex networks, neural networks, echo cancelation, local loop equalization, multi path59

propagation in mobile communication, array signal processing, congestion analysis and con-60

trol in high-speed networks and long transmission line in pneumatic systems. In recent years,61

fractional order complex dynamical networks (FOCNNs) with time delays has turned into62

a hot research topic because it has been utilized in different areas like metabolic systems,63
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communication networks, global economic markets, and so on, and lots of remarkable out-64

comes about FOCNNs have been devoted in recent literature, as an instance [13,39–41]. In65

[42], we have to investigate the synchronization in finite time criteria for FOCNNs by hybrid66

control approach. In [43], the authors have demonstrated the pinning synchronization criteria67

for FOCNNs by fractional Proportional-Integral control. By utilizing the LaSalle invariance68

principle, the issues of outer synchronization criteria for FOCNNs was studied in [44].69

Coupled neural networks (CNN), which is an extension of complex networks have attracted70

growing attention among numerous fields, together with secure communications, nonlinear71

optimization problems, image processing, and parallel computation, and it is the most pow-72

erful tool to analyze the passivity [45–47] and synchronization [22,48–50] of coupled neural73

networks. For example, the authors in [51] analyzed the pinning control for leader-following74

bipartite synchronization of CNN by M-matrix method and reciprocally convex approach. In75

[52], Shanrong et al. has deliberated pinning passivity analysis for different dimensional based76

CNN by some inequality techniques. The authors in [53] presented the complex structure on77

exponential synchronization criteria for delayed CNNs with stochastic perturbations by using78

the combination of combining the Lyapunov method with Kirchhoff’s matrix-tree theorem79

and impulsive control method. Unfortunately, there are few results targeted on synchroniza-80

tion problem of fractional order coupled neural networks (FOCNNs), see Refs. [54,55]. For81

example, by using the well-known fractional order comparison theorem for a single delay,82

multi-quasi synchronization of FOCNNs with single weights was studied by novel pinning83

impulsive control strategies and also discussed the effect of coupling delays and pinning84

control matrix in [54]. In [55], Zhang et al. dealt with the issues of Riemann–Liouville sense85

synchronization stability criteria of single weighted complex structure on FOCNNs under86

linear coupling delays by applying LMI method and Lyapunov approach. Besides, in the87

natural implementation of the network model, the parameter uncertain factors are inevitable88

and it leads to breaking the synchronization performance of complex dynamical networks.89

Recently, the author have taken the uncertain parameter into the account of FOCNNs and90

some sufficient conditions have been established for pinning synchronization and robust91

pinning synchronization by using Kronecker product and Lyapunov functions [56].92

In the meantime, it has been discovered that neural network with multi-weights reveals93

the more complex structure and unpredictable behaviors than a network with a single weight,94

which can substantially increase the applications of a neural network. For instance in [57], the95

authors gave some exponential synchronization criteria for integer order CNNs with multi96

weights by means of aperiodically pinning intermittent control method. In [58], by using97

some inequality scaling skills and Lyapunov–Krasovskii functionals, the author investigated98

about the finite time synchronization and finite time passivity criteria for multiple delayed99

CNNs with reaction-diffusion terms and coupling delays. Kronecker product technique and100

fractional order multiple delayed comparison principle are adopted to deal with the robust101

synchronization of single delayed FOCNNs with uncertain parameters by pinning control in102

[56]. Motivated by the above discussion, we try to explore firstly the robust synchronization of103

multi-weighted complex structure on fractional order coupled neural networks under linear104

coupling delays. However, the handling of multiple-weights complex structure, coupling105

delays and uncertain parameters are main challenge in this proposed research fields, there106

are no works not yet addressed in the same fields.107

The crucial novelty of this work is highlighted in the following aspects:108

1. Multi-weights, linear coupling delay term, and parameter uncertainty, are taking into109

consideration, robust asymptotical synchronization analysis for a class of FOCNNs with110

multiple delays are introduced.111
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2. By means of Kronecker product technique and robust analysis scaling skills, a new brand112

of novel sufficient conditions with respect to FOCNNs are derived in form of both LMI113

and algebraic method, respectively by the state feedback controller.114

3. As some special cases of proposed results, we also investigate the asymptotical syn-115

chronization for multi-weighted FOCNNs without parameter uncertainties, and some116

enhanced synchronization criteria have been derived for the problem of fractional order117

complex dynamical networks and fractional order neural network results.118

4. Moreover, the present results in this paper are valid for single weighted FOCNNs and119

integer order coupled neural networks both single weight and multiple weights, respec-120

tively.121

5. The conditions of the global asymptotic synchronization are deduced in term of LMI, and122

check the feasibility of obtaining results by using the LMI MATLAB control toolbox.123

The rest of this proposed work is well organized as follows. In Sect. 2, basic definition124

and preliminaries are given including the problem statement will be addressed. A valid state125

feedback control scheme is designed and new conditions for robust synchronization are126

demonstrated in Sect. 3. Section 4 demonstrates our FOCNNs with multiple weight results127

with two computer simulations. At last, Sect. 5 ends with conclusions.128

2 Preliminaries and Problem Statement129

Notations In this article, N represents the space of natural numbers from 1 to n, R
n represents130

the space of n-D Euclidean space, respectively, and R
n×n stands for a set of all n × n real131

matrices. For z(t) = (z1(t), . . . , zn(t))T ∈ R
n , ‖z‖ ∈ R

n is denoted as arbitrary norm,132

which is described as:133

‖z(t)‖p = p

√
√
√
√

n
∑

q=1

|zq(t)|p, p = 1, 2.134

In this part, some basic knowledge of definitions, useful lemma’s and problem statement will135

be given.136

2.1 Basic Tools137

Definition 2.1 [59] The Riemann–Liouville fractional integral order γ for a function z on138

interval [t0, T ] is defined as139

D−γ
t0,t z(t) = 1

�(γ )

∫ t

t0
(t − χ)γ−1z(χ) dχ,140

where γ ∈ R
+.141

Definition 2.2 [59] The Caputo type fractional-order derivative with order γ for a function142

z on interval [t0, T ] is defined as143

Dγ
t0,t z(t) =

{

D−(n−γ )
t0,t

( dn

dtn z(t)
)

, if γ ∈ (n − 1, n)
( dn

dtn z(t)
)

, if γ = n.
144

where γ ∈ R
+, n ∈ Z

+.145
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Definition 2.3 [59] The Mittag-Leffler function with two parameter is defined as146

Eγ,ϑ (z) =
+∞
∑

l=0

zl

�(γ l + ϑ)
147

where γ, ϑ ∈ R
+, z ∈ C.148

Lemma 2.4 [60] Let y(t) ∈ R
n be continuously derivable function and the positive definite149

matrix M ∈ R
n×n, the following inequality holds:150

Dγ
t0,t yT (t)My(t) ≤ 2yT (t)M{Dγ

t0,t y(t)}, γ ∈ (0, 1).151

Lemma 2.5 [61] Let ε ∈ R, ϒ, �, 	, 
 be matrices with suitable dimensions. Then the152

properties of Kronecker product is given by:153

(1). (ε	)⊗
 = 	⊗ (ε
);154

(2). (	+
)⊗ ϒ = (	⊗ ϒ)+ (
 ⊗ ϒ);155

(3). (	⊗
)T = (	T ⊗
T );156

(4). (	⊗
)(ϒ ⊗�) = (	ϒ ⊗
�).157

Lemma 2.6 [62] Consider the fractional order differential inequality with time delays as158

follows:159

{

Dγ H(t) ≤ −ζH(t)+ ςH(t − μ1)+ ηH(t − μ2), 0 < γ ≤ 1,

H(χ) = ĥ(χ), χ ∈ [−μ̂ = − max{μ1, μ2}, 0]. (1)160

If all the eigenvalues of Ĥ satisfy |arg
(

λ
)| > π

2 , and the characteristic equation det
(

�(s)
)

161

has no purely imaginary roots for any μ1, μ2 > 0, then the zero solution of system (1) is162

Lyapunov asymptotically stable, where163

Ĥ =

⎛

⎜
⎜
⎜
⎝

ς11 + η11 − ζ11 ς12 + η12 − ζ12 · · · ς1n + η1n − ζ1n

ς21 + η21 − ζ21 ς22 + η22 − ζ22 · · · ς2n + η2n − ζ2n
...

...
. . .

...

ςn1 + ηn1 − ζn1 ςn2 + ηn2 − ζn2 · · · ςnn + ηnn − ζnn

⎞

⎟
⎟
⎟
⎠

(2)164

�(s) =

⎛

⎜
⎜
⎜
⎝

sγ − e−μ1ς11 − e−μ2η11 + ζ11 · · · −e−μ1ς1n − e−μ2η1n + ζ1n

−e−μ1ς21 − e−μ2η21 + ζ21 · · · −e−μ1ς2n − e−μ2η2n + ζ2n
...

...
...

−e−μ1ςn1 − e−μ2ηn1 + ζn1 · · · sγ − e−μ1ςnn − e−μ2ηnn + ζnn

⎞

⎟
⎟
⎟
⎠
. (3)165

Lemma 2.7 [62] If the characteristic equation i.e.,sγ − ςe−μ1 − ηe−μ2 + ζ , of (1) has no166

pure imaginary roots for any μ1, μ2 > 0, and ς + η − ζ > 0, then the zero solution of167

system (1) is Lyapunov asymptotically stable.168

Lemma 2.8 [62] Consider the fractional order differential inequality with multiple time169

delays as follows:170

{

Dγ H(t) ≤ −ζH(t)+ ςH(t − μ1)+ ηH(t − μ2), 0 < γ ≤ 1,

H(χ) = ĥ(χ), χ ∈ [−μ̂ = − max{μ1, μ2}, 0]. (4)171
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and the linear fractional order differential inequality with multiple time delays172

{

Dγ E(t) ≤ −ζ E(t)+ ςE(t − μ1)+ ηE(t − μ2), 0 < γ ≤ 1,

E(χ) = ĥ(χ), χ ∈ [−μ̂ = − max{μ1, μ2}, 0], (5)173

where H(t) and E(t) are continuous and non negative in [0,+∞), and ĥ(t) ≥ 0, t ∈174

[− max{μ1, μ2}, 0]. If ζ, ς and η > 0, then H(t) ≤ E(t) ∀ t ∈ [0,+∞).175

Lemma 2.9 [63] For any vectors ε1, ε2 ∈ R
n, one constant μ > 0 and any positive definite176

matrix 0 < M ∈ R
n×n, the following relationship holds:177

2εT
1 ε2 ≤ μεT

1 Mε1 + μ−1εT
2 M−1ε2.178

Lemma 2.10 [64] If y(t) is the continuously derivable function, the following relationship179

true almost everywhere:180

Dγ |y(t)| ≤ sgn(y(t))Dγ y(t), 0 < γ < 1.181

2.2 Problem Statement182

Consider the following multi-weighted complex structure on fractional-order coupled neural183

networks (MWCFCNNs) with linear coupling delay and uncertain parameter described by:184

Dγ zk(t) = −Pzk(t)+ Qg
(

zk(t)
) + Rh

(

zk(t − μ1)
)

185

+
N
∑

l=1

α1V 1
kl�1zl(t)+

N
∑

l=1

α2V 2
kl�2zl(t)186

+ · · · +
N
∑

l=1

αx V x
kl�x zl(t)+

N
∑

l=1

β1W 1
klϒ1zl(t − μ2)187

+
N
∑

l=1

β2W 2
klϒ2zl(t − μ2)188

+ · · · +
N
∑

l=1

βx W x
klϒx zl(t − μ2), (6)189

where k = 1, 2, . . . , N , N is the total number of nodes in the networks, zk(t) =190
(

zk1(t), . . . , zkn(t)
)T

stands for the state of the k-th neuron at time t ; P = diag{p1, . . . , pn}191

with pi > 0, (i ∈ N) signifies the weight of self feedback connection; Q = (qkl)n×n and192

R = (rkl)n×n are the connection strengths of the l-th neuron on k-th neuron;μ1 > 0 andμ2 >193

0 stands for the positive and constant delays; g(zk(t)) =
(

g1(zk1(t)), . . . , gn(zkn(t))
)T

and194

h(zk(t − μ1)) =
(

h1(zk1(t − μ1)), . . . , hn(zkn(t − μ1))
)T

represents the activation func-195

tion of the neurons at time t and t − μ1, respectively; 0 < α j , 0 < β j , ( j = 1, 2, . . . , x)196

denotes the coupling strengths of the j th coupling form; � j = diag{� j1, . . . , � jn} > 0197

and ϒ j = diag{ϒ j1, . . . , ϒ jn} > 0, ( j = 1, 2, . . . , x) are inner linking strengths of the198

j th coupling form, respectively; V j = (

V j
kl

)

N×N and W j = (

W j
kl

)

N×N are the coupling199

configuration matrix of the j th coupling form, in which V j
kl and W j

kl are described by the200
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following form:201

⎧

⎪
⎨

⎪
⎩

V j
kk = −∑N

l=1,k 	=l V j
kl , k = 1, 2, . . . , N , j = 1, 2, . . . , x

V j
kl (k 	= l) > 0, if node k and l are linked of the j th coupling form

V j
kl (k 	= l) = 0, otherwise,

202

⎧

⎪
⎨

⎪
⎩

W j
kk = −∑N

l=1,k 	=l W j
kl , k = 1, 2, . . . , N , j = 1, 2, . . . , x

W j
kl (k 	= l) > 0, if node k and l are linked of the j th coupling form

W j
kl (k 	= l) = 0, otherwise.

203

In practical systems, many uncertain factors occur and it also affects the synchro-204

nization performance of complex dynamical networks. In this work, the parameters205

α j , β j , Q, R, � j , ϒ j , V j , W j change in some given precision, which is interval-206

ized as following ranges:207

αI :=
{

0 < α j ≤ α j ≤ α j , j = 1, 2, . . . , x, ∀ α j ∈ αI

}

;208

βI :=
{

0 < β
j
≤ β j ≤ β j , j = 1, 2, . . . , x, ∀ β j ∈ βI

}

;209

PI :=
{

P = diag(pk) : P ≤ P ≤ P, 0 < p
k

≤ pk ≤ pk, k = 1, 2, . . . n, ∀ P ∈ PI

}

;210

QI :=
{

Q = (qkl)n×n : Q ≤ Q ≤ Q, 0 < q
kl

≤ qkl ≤ qkl , k = 1, 2, . . . , n,211

l = 1, 2, . . . , n ∀ Q ∈ QI

}

;212

RI :=
{

R = (rkl)n×n : R ≤ R ≤ R, 0 < rkl ≤ rkl ≤ rkl , k = 1, 2, . . . , n,213

l = 1, 2, . . . , n ∀ R ∈ RI

}

;214

�I :=
{

� j = diag(λ j
k ) : � j ≤ � j ≤ � j , 0 < λ

j
k ≤ λ

j
k ≤ λ

j
k , j = 1, 2, . . . , x,215

k = 1, 2, . . . n, ∀ � j ∈ �I

}

;216

ϒI :=
{

ϒ j = diag(υ j
k ) : ϒ j ≤ ϒ j ≤ ϒ j , 0 < υ

j
k ≤ υ

j
k ≤ υ

j
k , j = 1, 2, . . . , x,217

k = 1, 2, . . . n, ∀ ϒ j ∈ ϒI

}

;218

VI :=
{

V j = (V j
kl)N×N : V j ≤ V j ≤ V

j
, 0 < V j

kl ≤ V j
kl ≤ V

j
kl , k 	= l,219

j = 1, 2, . . . , x, k = 1, 2, . . . , N , l = 1, 2, . . . , N , V j ∈ VI

}

;220

WI :=
{

W j = (W j
kl)N×N : W j ≤ W j ≤ W

j
, 0 < W j

kl ≤ W j
kl ≤ W

j
kl , k 	= l,221

j = 1, 2, . . . , x, k = 1, 2, . . . , N , l = 1, 2, . . . , N , W j ∈ WI

}

; (7)222

Let z̃(t) = 1
N

∑N
k=1 zk(t). Then, one gets223

Dγ z̃(t) = 1

N

N
∑

k=1

Dγ zk(t)224

= 1

N

N
∑

k=1

[

− Pzk(t)+ Qg
(

zk(t)
) + Rh

(

zk(t − μ1)
)

225
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+
N
∑

l=1

α1V 1
kl�1zl(t)+

N
∑

l=1

α2V 2
kl�2zl(t)226

+ · · · +
N
∑

l=1

αx V x
kl�x zl(t)+

N
∑

l=1

β1W 1
klϒ1zl(t − μ2)+

N
∑

l=1

β2W 2
klϒ2zl(t − μ2)227

+ · · · +
N
∑

l=1

βx W x
klϒx zl(t − μ2)

]

228

= − P

N

N
∑

k=1

zk(t)+ 1

N

N
∑

k=1

Qg
(

zk(t)
) + 1

N

N
∑

k=1

Rh
(

zk(t − μ1)
)

229

+ 1

N

N
∑

l=1

α1

( N
∑

k=1

V 1
kl

)

�1zl(t)230

+ 1

N

N
∑

l=1

α2

( N
∑

k=1

V 2
kl

)

�2zl(t)+ · · · +
N
∑

l=1

αx

( N
∑

k=1

V x
kl

)

�x zl(t)231

+
N
∑

l=1

β1

( N
∑

k=1

W 1
kl

)

ϒ1zl(t − μ2)232

+
N
∑

l=1

β2

( N
∑

k=1

W 2
kl

)

ϒ2zl(t − μ2)+ · · · +
N
∑

l=1

βx

( N
∑

k=1

W x
kl

)

ϒx zl(t − μ2)233

= − P

N

N
∑

k=1

zk(t)+ 1

N

N
∑

k=1

Qg
(

zk(t)
) + 1

N

N
∑

k=1

Rh
(

zl(t − μ1)
)

(8)234

It should be noted that 1
N

∑x
j=1

∑N
l=1 α j

(
∑N

k=1 V j
kl

)

� j zl(t) = ∑x
j=1

∑N
l=1 β j

(
∑N

k=1 W j
kl

)

235

ϒ j zl(t−μ2) = 0 by mean of Definition V j and W j , that is
∑N

k=1 V j
kl = ∑N

k=1 W j
kl = 0, j =236

1, 2, . . . , x, l = 1, 2, . . . , N .237

238

For the system (6), we design the following linear feedback controller:239

δk(t) = −Fk

(

zk(t)− 1

N

N
∑

k=1

zk(t)
)

, k = 1, 2, . . . , N . (9)240

Then, we have241

Dγ zk(t) = −Pzk(t)+ Qg
(

zk(t)
) + Rh

(

zk(t − μ1)
) +

N
∑

l=1

α1V 1
kl�1zl(t)242

+
N
∑

l=1

α2V 2
kl�2zl(t)243

+ · · · +
N
∑

l=1

αx V x
kl�x zl(t)+

N
∑

l=1

β1W 1
klϒ1zl(t − μ2)244
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+
N
∑

l=1

β2W 2
klϒ2zl(t − μ2)245

+ · · · +
N
∑

l=1

βx W x
klϒx zl(t − μ2)− Fk

(

zk(t)− 1

N

N
∑

k=1

zk(t)
)

, (10)246

The error vector yk(t) = zk(t)− 1
N

∑N
k=1 zk(t) is given by:247

Dγ yk(t) = −Pyk(t)+ Qg
(

zk(t)
) − 1

N

N
∑

k=1

Qg
(

zk(t)
) + Rh

(

zk(t − μ1)
)

248

− 1

N

N
∑

k=1

Rh
(

zk(t − μ1)
)

249

+
x

∑

j=1

α j

N
∑

l=1

V j
kl� j yl(t)+

x
∑

j=1

β j

N
∑

l=1

W j
klϒ j yl(t − μ2)− Fk yk(t)250

= −Pyk(t)+ Qg̃
(

yk(t)
) + Rh̃

(

yk(t − μ1)
) +

x
∑

j=1

α j

N
∑

l=1

V j
kl� j yl(t)251

+
x

∑

j=1

β j

N
∑

l=1

W j
klϒ j yl(t − μ2)− Fk yk(t). (11)252

where g̃
(

yk(t)
) = Qg

(

zk(t)
) − 1

N

∑N
k=1 g

(

zk(t)
)

, h̃
(

yk(t − μ1)
) = h

(

zk(t − μ1)
) −253

1
N

∑N
k=1 Rh

(

zk(t − μ1)
)

.254

Remark 2.11 To the best of author’s knowledge, many real-world objects can be depicted255

by multiple coupling strengths of complex dynamical behaviors. Unfortunately, there are no256

results paid to be investigated on fractional-order complex dynamical behaviors, especially257

neural networks systems. Consequently, it’s far very necessary and important to further258

investigate the synchronization analysis of FOCNNs with multiple weights.259

In this article, the following definition and assumption condition will be needed.260

Definition 2.12 The complex structure on MWCFCNNs with linear coupling delay under261

uncertainty (11) is asymptotically synchronized if262

lim
t→+∞

∥
∥
∥zk(t)− 1

N

N
∑

k=1

zk(t)
∥
∥
∥ = 0, k = 1, 2, . . . , N . (12)263

Assumption [A1]: The non linear activation function gk(·), hk(·) satisfies the Lipschitz264

continuous if there exists a constants ψk > 0, φk > 0 such that265

∣
∣gk(χ1)− gk(χ2)

∣
∣ ≤ ψk

∣
∣χ1 − χ2

∣
∣, k = 1, 2, . . . , n, χ1, χ2 ∈ R,266

∣
∣hk(χ1)− hk(χ2)

∣
∣ ≤ φk

∣
∣χ1 − χ2

∣
∣, k = 1, 2, . . . , n, χ1, χ2 ∈ R,267

where
∣
∣(·)∣∣ is the absolute value.268
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3 Main Results269

For the sake of convenience, we define270

q̂kl = max{|q
kl

|, |qkl |}, l = 1, 2, . . . , n, k = 1, 2, . . . , n271

r̂kl = max{|rkl |, |rkl |}, l = 1, 2, . . . , n, k = 1, 2, . . . , n272

V̂ j
kk =

N
∑

l=1,l 	=k

V
j
lk, V̂ j

kl (k 	= l) = V
j
kl ,273

j = 1, 2, . . . , x, k = 1, 2, . . . , N , l = 1, 2, . . . , N274

Ŵ j
kk =

N
∑

l=1,l 	=k

W
j
lk, Ŵ j

kl (k 	= l) = W
j
kl ,275

j = 1, 2, . . . , x, k = 1, 2, . . . , N , l = 1, 2, . . . , N .276

277

Theorem 3.1 Under Assumption [A1], the MWCFCNNs (6) is robust asymptotically syn-278

chronized under the controller (9) if the following condition holds:279

max
{

φi

n
∑

l=1

r̂li , i = 1, 2, . . . , n
}

280

+ max
{ x
∑

j=1

β jυ
j
i

( N
∑

l=1

Ŵ j
lk

)

, k = 1, 2, . . . , N , i = 1, 2, . . . , n
}

281

< min
{

Fk + p
i
− ψi

n
∑

l=1

q̂li282

−
x

∑

j=1

α jλ
j
i

( N
∑

l=1

V̂ j
lk

)

, k = 1, 2, . . . , N , i = 1, 2, . . . , n
}

sin

(
γπ

2

)

.283

Proof For error system (11), we consider the following Lyapunov functional:284

H(t) =
N
∑

k=1

‖yk(t)‖ (13)285

Then, applying the Caputo-fractional derivative for Lyapunov functional (13), and by means286

of Lemma 2.10, Assumption [A1], one has287

Dγ H(t) = Dγ

[ N
∑

k=1

‖yk(t)‖
]

288

= Dγ

[ N
∑

k=1

n
∑

i=1

|yki (t)|
]

289

≤
N
∑

k=1

n
∑

i=1

sgn yki (t)D
γ yki (t)290
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=
N
∑

k=1

sgn yk(t)D
γ yk(t)291

=
N
∑

k=1

sgn yk(t)

[

− Pyk(t)+ Qg̃
(

yk(t)
)

292

+ Rh̃
(

yk(t − μ1)
) +

x
∑

j=1

α j

N
∑

l=1

V j
kl� j yl(t)293

+
x

∑

j=1

β j

N
∑

l=1

W j
klϒ j yl(t − μ2)− Fk yk(t)

]

294

≤ −
N
∑

k=1

n
∑

i=1

pi |yki (t)| −
N
∑

k=1

n
∑

i=1

Fk |yki (t)| +
N
∑

k=1

n
∑

i=1

n
∑

l=1

|qil ||gl
(

yki (t)
)|295

+
N
∑

k=1

n
∑

i=1

n
∑

l=1

|ril ||hl
(

yki (t − μ1)
)| +

x
∑

j=1

α j

n
∑

i=1

λ
j
i

[ N
∑

k=1

N
∑

l=1

|V j
kl ||yli (t)|

]

296

+
x

∑

j=1

β j

n
∑

i=1

υ
j

i

[ N
∑

k=1

N
∑

l=1

|W j
kl ||yli (t − μ2)|

]

297

≤ −
N
∑

k=1

n
∑

i=1

p
i
|yki (t)| −

N
∑

k=1

n
∑

i=1

Fk |yki (t)| +
N
∑

k=1

n
∑

i=1

n
∑

l=1

q̂ilψl |ykl(t)|298

+
N
∑

k=1

n
∑

i=1

n
∑

l=1

r̂ilφl |ykl(t − μ1)| +
x

∑

j=1

α j

n
∑

i=1

λ
j
i

[ N
∑

k=1

N
∑

l=1

V̂ j
kl |yli (t)|

]

299

+
x

∑

j=1

β j

n
∑

i=1

υ
j
i

[ N
∑

k=1

N
∑

l=1

Ŵ j
kl |yli (t − μ2)|

]

300

≤ −
N
∑

k=1

n
∑

i=1

[

Fk + p
i
− ψi

n
∑

l=1

q̂li −
x

∑

j=1

α jλ
j
i

( N
∑

l=1

V̂ j
lk

)
]

|yki (t)|301

+
N
∑

k=1

n
∑

i=1

[

φi

n
∑

l=1

r̂li

]

|yki (t − μ1)|302

+
N
∑

k=1

n
∑

i=1

[ x
∑

j=1

β jυ
j
i

( N
∑

l=1

Ŵ j
lk

)
]

|yki (t − μ2)|303

≤ −ζ
N
∑

k=1

n
∑

i=1

|yki (t)| + ς

N
∑

k=1

n
∑

i=1

|yki (t − μ1)| + η

N
∑

k=1

n
∑

i=1

|yki (t − μ2)|304

= −ζH(t)+ ςH(t − μ1)+ ηH(t − μ2) (14)305

where306

ζ = min
{

Fk + p
i
− ψi

n
∑

l=1

q̂li307
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−
x

∑

j=1

α jλ
j
i

( N
∑

l=1

V̂ j
lk

)

, k = 1, 2, . . . , N , i = 1, 2, . . . , n
}

> 0,308

ς = max
{

φi

n
∑

l=1

r̂li , i = 1, 2, . . . , n
}

> 0,309

η = max
{ x
∑

j=1

β jυ
j
i

( N
∑

l=1

Ŵ j
lk

)

, k = 1, 2, . . . , N , i = 1, 2, . . . , n
}

> 0.310

Consider the following linear fractional order system with multiple time delays311

{

Dγ E(t) = −ζ E(t)+ ςE(t − μ1)+ ηE(t − μ2)

E(χ) = ĥ(χ), χ ∈ [−μ̂, 0] (15)312

and assume E(t) ≥ 0
(

E(t) ∈ R
)

. A Laplace transform of (15) is313

sγ E(s)− sγ−1 E(0) = −ζ E(s)+ ς

∫ +∞

0
e−st E(t − μ1) dt +η

∫ +∞

0
e−st E(t − μ2) dt314

= −ζ E(s)+ ς

[ ∫ +∞

−μ1

e−s(κ+μ1)E(κ) d κ

]

315

+ η
[ ∫ +∞

−μ2

e−s(κ+μ2)E(κ) d κ

]

316

= −ζ E(s)+ ςe−sμ1

∫ 0

−μ1

e−sκE(κ) d κ + ηe−sμ2

∫ 0

−μ2

e−sκ E(κ) d κ317

+ ςe−sμ1

∫ +∞

0
e−sκE(κ) d κ + ηe−sμ2

∫ +∞

0
e−sκ E(κ) d κ318

= −ζ E(s)+ ςe−sμ1 E(s)+ ηe−sμ2 E(s)319

+ ςe−sμ1

∫ 0

−μ1

e−sκ E(κ) d κ320

+ ηe−sμ2

∫ 0

−μ2

e−sκ E(κ) d κ, (16)321

where E(s) is Laplace transform of E(t). An equivalence of (16) is322

�(s)E(s) = d1(s) (17)323

where324

�(s) = (

sγ + ζ − ςe−sμ1 − ηe−sμ2
)

325

d1(s) = sγ−1 E(0)+ ςe−sμ1

∫ 0

−μ1

e−sκ E(κ) d κ + ηe−sμ2

∫ 0

−μ2

e−sκE(κ) d κ326

Now, we will prove that there is no pure imaginary roots for characteristic equation of327

det(�(s)) = 0 for any μ1, μ2 ≥ 0. Suppose that there exists a pure imaginary roots for any328

μ1, μ2 ≥ 0, that is329

s = �i = |�|
[

cos

(
π

2

)

+ i sin

(±π
2

)
]

,330
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where � is a real number. If331

� < 0, s = �i = |�|
[

cos

(
π

2

)

− i sin

(
π

2

)
]

, while if332

� > 0, s = �i = |�|
[

cos

(
π

2

)

+ i sin

(
π

2

)
]

. (18)333

Substitute them into det(�(s)) = 0, one has334

|�|γ
[

cos

(
γπ

2

)

+ i sin

(±γπ
2

)
]

+ ζ − ς
[

cos

(

�μ1

)

− i sin(�μ1)
]

335

− η[ cos

(

�μ2

)

− i sin

(

�μ2

)
] = 0 (19)336

Separating real and imaginary parts of (19), one has337

|�|γ cos

(
γπ

2

)

+ ζ − ςη cos

(

�μ1

)

− η cos

(

�μ2

)

= 0 (20)338

and339

|�|γ sin

(

± γπ

2

)

+ ς sin

(

�μ1

)

+ η sin

(

�μ2

)

= 0. (21)340

From (20) and (21), it can get341

|�|2γ + 2ζ |�|γ cos

(
γπ

2

)

+ ζ 2 − 2ς cos �

(

μ1 − μ2

)

−
(

ς2 + η2
)

= 0.342

When (ς + η)2 < ζ 2 sin2(± γπ
2 ), because ς, η ≥ 0, one has343

|�|2γ + 2ζ |�|γ cos( γπ2 )+ ζ 2 − 2ςη cos �(μ1 − μ2)− (ς2 + η2)344

= |�|2γ + 2ζ |�|γ cos

(
γπ

2

)

+ ζ 2 + 2ςη

(

1 − cos �

(

μ1 − μ2

))

−
(

ς + η

)2

345

>
[

|�| + ζ cos

(
γπ

2

)
]2 + 2ςη

[

1 − cos �(μ1 − μ2)
]

346

≥ 0.347

Based from condition of Theorem 3.1, we have ς + η < ζ sin( γπ2 ) which implies the348

characteristic equation det
(

�(s)
) = 0 has no purely imaginary roots for any μ1, μ2 ≥ 0,349

which means the zero solution of system (15) is globally asymptotically stable. Then, by350

virtue of Lemma 2.8, we have 0 ≤ H(t) ≤ E(t), and based on above discussion, we can get351
∑N

k=1 ‖yk(t)‖ → 0 and ‖yk(t)‖ → 0 as t → +∞. Therefore we declare that, MWCFCNNs352

(6) achieves robust asymptotically synchronization under the controller (9). ��353

The following kinds of MWCFCNNs are also very interesting issues. One without dif-354

ficulty derives the following asymptotic synchronization criteria on MWCFCNNs (22) and355

MWCFCNNs (23) from the proof of Theorem 3.1 and based on the comparison result in356

Theorem 1 of Ref [65].357

Case 1: If W j = 0 ( j = 1, 2 . . . , x), let μ1 = μ, MWCFCNNs (6) is turned into the358

following expression:359

Dγ zk(t) = −Pzk(t)+ Qg
(

zk(t)
) + Rh

(

zk(t − μ)
)

360
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+
N
∑

l=1

α1V 1
kl�1zl(t)+

N
∑

l=1

α2V 2
kl�2zl(t)361

+ · · · +
N
∑

l=1

αx V x
kl�x zl(t) (22)362

363

Corollary 3.2 Under Assumption [A1], the MWCFCNNs (22) is robust asymptotically syn-364

chronized under the controller (9) if the following condition holds:365

max
{

φi

n
∑

l=1

r̂li , i = 1, 2, . . . , n
}

< min
{

Fk + p
i
− ψi

n
∑

l=1

q̂li −
x

∑

j=1

α jλ
j
i

( N
∑

l=1

V̂ j
lk

)

,366

k = 1, 2, . . . , N , i = 1, 2, . . . , n
}

sin

(
γπ

2

)

.367

Case 2: If V j = 0 ( j = 1, 2 . . . , x = 0), MWCFCNNs (6) is turned into the following368

expression:369

Dγ zk(t) = −Pzk(t)+ Qg
(

zk(t)
) + Rh

(

zk(t − μ1)
) +

N
∑

l=1

β1W 1
klϒ1zl(t − μ2)370

+
N
∑

l=1

β2W 2
klϒ2zl(t − μ2)+ · · · +

N
∑

l=1

βx W x
klϒx zl(t − μ2), (23)371

372

Corollary 3.3 Under Assumption [A1], the MWCFCNNs (23) is robust asymptotically syn-373

chronized under the controller (9) if the following condition holds:374

max
{

φi

n
∑

l=1

r̂li , i = 1, 2, . . . , n
}

375

+ max
{ x
∑

j=1

β jυ
j
i

( N
∑

l=1

Ŵ j
lk

)

, k = 1, 2, . . . , N , i = 1, 2, . . . , n
}

376

< min
{

Fk + p
i
− ψi

n
∑

l=1

q̂li , k = 1, 2, . . . , N , i = 1, 2, . . . , n
}

sin

(
γπ

2

)

.377

Theorem 3.4 Suppose that the Assumption [A1] hold. If ζ > 0, ς > 0, η > 0 be known378

constants and ς +η < ζ , then MWCFCNNs (6) is robust asymptotically synchronized under379

the controller (9), if there exists a positive diagonal matrix M ∈ R
n×n such that following380

condition holds,381

1. IN ⊗
(

− M P − P M +
(

δq +δr +∑x
j=1 α jδ

j
v +∑x

j=1 β jδ
j
w

)

M2 +
+∑x
j=1 α jδ

j
λ In +382

ζM
)

− (

2F ⊗ M
)

< 0,383

2. IN ⊗ (	− ςM) < 0,384

3. IN ⊗
(
∑x

j=1 β jδ
j
u In − ηM

)

< 0,385
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where δq = ∑n
k=1

∑n
l=1 q̂2

kl , δr = ∑n
k=1

∑n
l=1 r̂2

kl , δ
j
v = ∑x

j=1
∑N

k=1
∑N

l=1 V̂ j
kl

2
,386

δ
j
w = ∑x

j=1
∑N

k=1
∑N

l=1 Ŵ j
kl

2
, δ j

λ = ∑x
j=1

∑n
k=1 λ

j
k

2
, δ j

u = ∑x
j=1

∑n
k=1 υ

j
k

2
, 
 =387

diag{ψ2
1 , . . . , ψ

2
n }, 	 = diag{φ2

1 , . . . , φ
2
n} and F = diag{F1, . . . , FN }.388

Proof For error system (11), we take the following Lyapunov functional:389

H(t) =
N
∑

k=1

yT
k (t)Myk(t) = yT (t)

(

IN ⊗ M
)

y(t) (24)390

Then, applying the Caputo-fractional derivative for Lyapunov functional (24) and by utilizing391

Lemma 2.4, we have392

Dγ H(t) ≤ 2
N
∑

k=1

yT
k (t)M{Dγ yk(t)}393

= 2
N
∑

k=1

yT
k (t)M

{

− Pyk(t)+ Qg̃
(

yk(t)
) + Rh̃

(

yk(t − μ1)
)

394

+
x

∑

j=1

α j

N
∑

l=1

V j
kl� j yl(t)395

+
x

∑

j=1

β j

N
∑

l=1

W j
klϒ j yl(t − μ2)− Fk yk(t)

}

396

= −2
N
∑

k=1

yT
k (t)M Pyk(t)− 2

N
∑

k=1

yT
k (t)M Fyk(t)+ 2

N
∑

k=1

yT
k (t)M Qg̃

(

yk(t)
)

397

+ 2
N
∑

k=1

yT
k (t)M Rh̃

(

yk(t − μ1)
) + 2

x
∑

j=1

α j

( N
∑

k=1

N
∑

l=1

V j
kl yT

k (t)M� j yl(t)

)

398

+ 2
x

∑

j=1

β j

( N
∑

k=1

N
∑

l=1

W j
kl yT

k (t)Mϒ j yl(t − μ2)

)

. (25)399

Based on Assumption [A1], one gets400

2
N
∑

k=1

yT
k (t)M Qg̃

(

yk(t)
) ≤

N
∑

k=1

yT
k (t)M Q QT Myk(t)+

N
∑

k=1

yT
k (t)
 yk(t)401

≤ yT (t)
(

IN ⊗ (δq M2 +
)
)

y(t). (26)402

Similarly,403

2
N
∑

k=1

yT
k (t)M Rh̃

(

yk(t − μ1)
) ≤ yT (t)

(

IN ⊗ δr M2
)

y(t)404

+ yT (t − μ1)
(

IN ⊗	
)

y(t − μ1) (27)405
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From Lemma 2.9, we can get406

2
x

∑

j=1

α j

( N
∑

k=1

N
∑

l=1

V j
kl yT

k (t)M� j yl(t)
)

= 2
x

∑

j=1

α j yT (t)
(

V j ⊗ M
)(

IN ⊗� j
)

y(t)407

≤
x

∑

j=1

α j yT (t)
[(

V j ⊗ M
)(

V j ⊗ M
)T ]

y(t)408

+
x

∑

j=1

α j yT (t)
[(

IN ⊗� j
)(

IN ⊗� j
)T ]

y(t)409

=
x

∑

j=1

α j yT (t)
(

V j V j T ⊗ M2)y(t)410

+
x

∑

j=1

α j yT (t)
(

IN ⊗�2
j

)

y(t)411

≤
x

∑

j=1

α jδ
j
v yT (t)

(

IN ⊗ M2)y(t)412

+
x

∑

j=1

α jδ
j
λ yT (t)y(t). (28)413

Similarly,414

2
x

∑

j=1

β j

( N
∑

k=1

N
∑

l=1

W j
kl yT

k (t)Mϒ j yl(t − μ2)
)

≤
x

∑

j=1

β jδ
j
w yT (t)

(

IN ⊗ M2)y(t)415

+
x

∑

j=1

β jδ
j
u yT (t − μ2)y(t − μ2).(29)416

Combining (25)–(29), we have417

Dγ H(t) ≤ yT (t)
(

IN ⊗ (−M P − P M)
)

y(t)+ yT (t)
(

IN ⊗ (

(δq + δr )M
2 +


)
)

y(t)418

+ yT (t − μ1)
(

IN ⊗	
)

y(t − μ1)+ yT (t)
(

IN ⊗
x

∑

j=1

α jδ
j
v M2

)

y(t)419

+ yT (t)
(

IN ⊗
x

∑

j=1

α jδ
j
λ In

)

y(t)+ yT (t)
(

IN ⊗
x

∑

j=1

β jδ
j
wM2

)

y(t)420

+ yT (t − μ2)
(

IN ⊗
x

∑

j=1

β jδ
j
u In

)

y(t − μ2)− yT (t)
(

2F ⊗ M
)

y(t)421

≤ yT (t)

[

− (

2F ⊗ M
) + IN ⊗

(

− M P − P M422

+
(

δq + δr +
x

∑

j=1

α jδ
j
v +

x
∑

j=1

β jδ
j
w

)

M2 +
423
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+
x

∑

j=1

α jδ
j
λ In + ζM

)
]

y(t)− ζ yT (t)
[

IN ⊗ M
]

y(t)424

+ yT (t − μ1)
[

IN ⊗ (	− ςM)
]

y(t − μ1)425

+ ς yT (t − μ1)
[

IN ⊗ M
]

y(t − μ1)426

+ yT (t − μ2)

[

IN ⊗
( x
∑

j=1

β jδ
j
u In − ηM

)
]

y(t − μ2)427

+ ηyT (t − μ2)
[

IN ⊗ M
]

y(t − μ2). (30)428

According to the conditions 1 − 3 of Theorem 3.4, we can obtain429

Dγ H(t) ≤ −ζ yT (t)
[

IN ⊗ M
]

y(t)+ ς yT (t − μ1)
[

IN ⊗ M
]

y(t − μ1)430

+ ηyT (t − μ2)
[

IN ⊗ M
]

y(t − μ2)431

= −ζH(t)+ ςH(t − μ1)+ ηH(t − μ2) (31)432

Then, similar to the proof of Theorem 3.1, we can obtain H(t) → 0 as t → +∞.433

i.e.,
∑N

k=1 yT
k (t)Myk(t) = ∑N

k=1
∑n

i=1 mi y2
ki (t) → 0 as t → +∞. Hence, we conclude434

that MWCFCNNs (6) realizes robust asymptotically synchronization under the state feed-435

back controller (9). The proof is ended. ��436

Corollary 3.5 Suppose that the Assumption [A1] hold. If ζ > 0, ς > 0 be known constants437

and ς < ζ , then MWCFCNNs (22) is robust asymptotically synchronized under the controller438

(9), if there exists a positive diagonal matrix M ∈ R
n×n such that following condition holds,439

1. IN ⊗
(

− M P − P M +
(

δq + δr + ∑x
j=1 α jδ

j
v

)

M2 + 
 + ∑x
j=1 α jδ

j
λ In + ζM

)

−440

(

2F ⊗ M
)

< 0,441

2. IN ⊗ (	− ςM) < 0,442

where δq , δr , δ
j
v , δ

j
λ, 	, 
 and F are already defined in Theorem 3.4.443

Corollary 3.6 Suppose that the Assumption [A1] hold. If ζ̃ > 0, ς, η > 0 be known444

constants and ς + η < ζ̃ , then MWCFCNNs (23) is robust asymptotically synchronized445

under the controller (9), if there exists a positive diagonal matrix M ∈ R
n×n such that446

following condition holds,447

1. IN ⊗
(

− M P − P M +
(

δq + δr + ∑x
j=1 β jδ

j
w

)

M2 +
 + ζ̃M
)

− (

2F ⊗ M
)

< 0,448

2. IN ⊗ (	− ςM) < 0,449

3. IN ⊗
(
∑x

j=1 β jδ
j
u In − ηM

)

< 0,450

where δq , δr , δ
j
w, δ

j
u , 	, 
 and F are already defined in Theorem 3.4.451

For j = 1, 2, . . . x , when α j = α j = α j , β j
= β j = β j , P = P = P , Q = Q = Q,452

R = R = R, � j = � j = � j , ϒ j = ϒ j = ϒ , V j = V
j = V j , W j = W

j = W j , i.e.,453

MWCFCNNs (6) is without uncertainty parameter, then we have the following interesting454

results.455
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Theorem 3.7 Under Assumption [A1], the MWCFCNNs (6) is asymptotically synchronized456

under the controller (9) if the following condition holds:457

max

{

φi

n
∑

l=1

|rli |, i = 1, 2, . . . , n

}

458

+ max

{ x
∑

j=1

β jϒ
j

i

( N
∑

l=1

|W j
lk |

)

, k = 1, 2, . . . , N , i = 1, 2, . . . , n

}

459

< min
{

Fk + pi − ψi

n
∑

l=1

|qli |460

−
x

∑

j=1

α jλ
j
i

( N
∑

l=1

|V j
lk |

)

, k = 1, 2, . . . , N , i = 1, 2, . . . , n

}

sin

(
γπ

2

)

.461

Corollary 3.8 Under Assumption [A1], the MWCFCNNs (22) is asymptotically synchronized462

under the controller (9) if the following condition holds:463

max

{

φi

n
∑

l=1

|rli |, i = 1, 2, . . . , n
}

< min
{

Fk + pi − ψi

n
∑

l=1

|qli | −
x

∑

j=1

α jλ
j
i

( N
∑

l=1

|V j
lk |

)

,464

k = 1, 2, . . . , N , i = 1, 2, . . . , n

}

sin

(
γπ

2

)

.465

Corollary 3.9 Under Assumption [A1], the MWCFCNNs (23) is asymptotically synchronized466

under the controller (9) if the following condition holds:467

max
{

φi

n
∑

l=1

|rli |, i = 1, 2, . . . , n
}

468

+ max
{ x
∑

j=1

β jϒ
j

i

( N
∑

l=1

|W j
lk |

)

, k = 1, 2, . . . , N , i = 1, 2, . . . , n
}

469

< min
{

Fk + pi470

−ψi

n
∑

l=1

|qli |, k = 1, 2, . . . , N , i = 1, 2, . . . , n
}

sin

(
γπ

2

)

.471

Theorem 3.10 Suppose that the Assumption [A1] hold. If ζ1 > 0, ς1 > 0, η1 > 0 be472

known constants and ς1 + η1 < ζ1, then MWCFCNNs (6) is asymptotically synchronized473

under the controller (9), if there exists a positive diagonal matrix M ∈ R
n×n and constants474

ξ j ( j = 1, 2, . . . , x) such that following condition holds,475

1. IN ⊗�− (2F ⊗ M)+ ∑x
j=1 α j

(

2V j ⊗ M� j
) + ∑x

j=1 ξ
−1
j β j

(

W j ⊗ Mϒ j

)(

W j ⊗476

ϒ j M
)

< 0,477

2. IN ⊗ (	− ς1 M) < 0,478

3. IN ⊗
(
∑x

j=1 ξ jβ j In − η1 M
)

< 0,479

where� = −2M P + M Q QT M + M R RT M + ζ1 M +
, F , 
 and	 are already defined480

in Theorem 3.4.481
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Proof For error system (12), we choose the same Lyapunov functional in (22), then one has482

Dγ H(t) ≤ 2
N
∑

k=1

yT
k (t)M{Dγ yk(t)}483

= 2
N
∑

k=1

yT
k (t)M

{

− Pyk(t)+ Qg̃
(

yk(t)
) + Rh̃

(

yk(t − μ1)
)

484

+
x

∑

j=1

α j

N
∑

l=1

V j
kl� j yl(t)485

+
x

∑

j=1

β j

N
∑

l=1

W j
klϒ j yl(t − μ2)− Fk yk(t)

}

486

≤ −yT (t)
[

IN ⊗ (2M P)
]

y(t)+ yT (t)
[

IN ⊗ (

M Q QT M + M R RT M +

)
]

y(t)487

+ yT (t − μ1)
[

IN ⊗	
]

y(t − μ1)+ 2
x

∑

j=1

α j yT (t)
[

V j ⊗ M� j

]

y(t)488

+ 2
x

∑

j=1

β j yT (t)
[

W j ⊗ Mϒ j

]

y(t − μ2)− yT (t)
[

2F ⊗ M
]

y(t). (32)489

It is easy to compute490

2
x

∑

j=1

β j yT (t)
[

W j ⊗ Mϒ j

]

y(t − μ2) ≤
x

∑

j=1

ξ−1
j β j yT (t)

[

W j ⊗ Mϒ j

][

W j ⊗ ϒ j M
]

y(t)491

+
x

∑

j=1

ξ jβ j yT (t − μ2)
(

IN ⊗ In
)

y(t − μ2). (33)492

Thus,493

Dγ H(t) ≤ yT (t)

[
(

IN ⊗ ( − 2M P + M Q QT M + M R RT M + ς1 M +

)
)

494

+ 2
x

∑

j=1

α j
(

V j ⊗ M� j
)

495

+
x

∑

j=1

ξ−1
j β j

(

W j ⊗ Mϒ j

)(

W j ⊗ ϒ j M
)

− (

2F ⊗ M
)
]

y(t)496

− ς1 yT (t)
[

IN ⊗ M
]

y(t)497

+ yT (t − μ1)
[

IN ⊗ (

	− ζ1 M
)
]

y(t − μ1)498

+ ζ1 yT (t − μ1)
[

IN ⊗ M
]

y(t − μ1)499

+ yT (t − μ2)

[

IN ⊗
( x
∑

j=1

ξ jβ j In − η1 M
)
]

y(t − μ2)500

+ η1 yT (t − μ2)
[

IN ⊗ M
]

y(t − μ2).501
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According to the conditions 1–3 of Theorem 3.10, we can obtain502

Dγ H(t) ≤ −ζ1 yT (t)
[

IN ⊗ M
]

y(t)+ ς1 yT (t − μ1)
[

IN ⊗ M
]

y(t − μ1)503

+ η1 yT (t − μ2)
[

IN ⊗ M
]

y(t − μ2)504

= −ζ1 H(t)+ ς1 H(t − μ1)+ η1 H(t − μ2). (34)505

Then, similar to the proof of Theorem 3.1, the MWCFCNNs error system (11) will be asymp-506

totically stable, i.e., the MWCFCNNs system (6) is globally synchronized via controller (9).507

The proof is completed. ��508

Corollary 3.11 Suppose that the Assumption [A1] hold. If ζ1 > 0, ς1 > 0 > 0 be known509

constants and ς1 < ζ1, then MWCFCNNs (22) is asymptotically synchronized under the510

controller (9), if there exists a positive diagonal matrix M ∈ R
n×n such that following511

condition holds,512

1. IN ⊗�− (2F ⊗ M)+ ∑x
j=1 α j

(

2V j ⊗ M� j
)

< 0,513

2. IN ⊗ (	− ς1 M) < 0,514

where� = −2M P + M Q QT M + M R RT M + ζ1 M +
, F , 
 and	 are already defined515

in Theorem 3.4.516

Corollary 3.12 Suppose that the Assumption [A1] hold. If ζ̃1 > 0, ς1 > 0, η1 > 0 be517

known constants and ς1 + η1 < ζ̃1, then MWCFCNNs (23) is asymptotically synchronized518

under the controller (9), if there exists a positive diagonal matrix M ∈ R
n×n and constants519

ξ j ( j = 1, 2, . . . , x) such that following condition holds,520

1. IN ⊗�− 2F ⊗ M + ∑x
j=1 ξ

−1
j β j

(

W j ⊗ Mϒ j

)(

W j ⊗ ϒ j M
)

< 0,521

2. IN ⊗ (	− ς1 M) < 0,522

3. IN ⊗
(
∑x

j=1 ξ jβ j In − η1 M
)

< 0,523

where� = −2M P + M Q QT M + M R RT M + ζ̃1 M +
, F , 
 and	 are already defined524

in Theorem 3.4.525

Remark 3.13 If weights of FOCNNs is assumed to be single weight, then the model (6)526

which turns into FOCNNs with single weight. Then the proposed results are also holds to527

guarantee the asymptotical synchronization criteria for FOCNNs with and without parameter528

uncertainties, these results not yet considered in the existing works. When γ = 1, one obtains529

the integer order case.530

4 Numerical Simulations531

In this section, two numerical simulations are given to demonstrate the accuracy of the532

required synchronization results in this paper.533

Example 4.1 Consider a multi-weighted complex structure on fractional-order coupled neural534

networks with linear coupling delay and parameter uncertainty described by535

D0.997zk(t) = −Pzk(t)+ Qg
(

zk(t)
) + Rh

(

zk(t − 0.1)
)

536
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+
4

∑

l=1

α1V 1
kl�1zl(t)+

4
∑

l=1

α2V 2
kl�2zl(t)537

+
4

∑

l=1

β1W 1
klϒ1zl(t − 0.2)+

4
∑

l=1

β2W 2
klϒ2zl(t − 0.2)538

− Fk

(

zk(t)− 1

4

4
∑

l=1

zl(t)
)

, (35)539

where k = 1, 2, 3, 4, gk(τ ) = tanh(τ ), hk(τ ) = sinh(τ ) (k = 1, 2), Fk = 0.1k, k =540

1, 2, 3, 4. The parameters in P , Q, R, α j , β j , V j , W j ( j = 1, 2) in (35) change in some541

given precision, which is intervalized as below:542

αI :=
{

0.005 j ≤ α j ≤ 0.05 j, j = 1, 2, ∀ α j ∈ αI

}

;543

βI :=
{

0.004 j ≤ β j ≤ 0.04 j, j = 1, 2, ∀ β j ∈ βI

}

;544

PI :=
{

P = diag(pk) : P ≤ P ≤ P,
8

0.4k + 0.4
+ 0.04 ≤ pk ≤ 8

0.4k + 0.4
+ 0.4,545

k = 1, 2, ∀ P ∈ PI

}

;546

QI :=
{

Q = (qkl)n×n : Q ≤ Q ≤ Q,
1

2k + 3l
+ 0.02 ≤ qkl ≤ 1

2k + 3l
+ 0.2,547

k = 1, 2, l = 1, 2, ∀ Q ∈ QI

}

;548

RI :=
{

R = (rkl)n×n : R ≤ R ≤ R,
1

k + 2l
+ 0.04 ≤ rkl ≤ 1

k + 2l
+ 0.4,549

k = 1, 2, l = 1, 2, ∀ R ∈ RI

}

;550

�I :=
{

� j = diag(λ j
k ) : � j ≤ � j ≤ � j ,

j

k + 1
+ 0.03 ≤ λ

j
k ≤ j

k + 1
+ 0.11, j = 1, 2,551

k = 1, 2, ∀ � j ∈ �I

}

;552

ϒI :=
{

ϒ j = diag(υ j
k ) : ϒ j ≤ ϒ j ≤ ϒ j ,

j

k + 1
+ 0.05 ≤ ϒ j ≤ j

k + 1
+ 0.5, j = 1, 2,553

k = 1, 2 ∀ ϒ j ∈ ϒI

}

;554

VI :=
{

V j = (V j
kl)4×4 : V j ≤ V j ≤ V

j
,

j

2k + 2l
+ 0.01 ≤ V j

kl ≤ j

2k + 2l
+ 0.1, k 	= l,555

j = 1, 2, k = 1, 2, 3, 4, l = 1, 2, 3, 4, V j ∈ VI

}

;556

WI :=
{

W j = (W j
kl)4×4 : W j ≤ W j ≤ W

j
,

j

k + l
+ 0.03 ≤ W j

kl ≤ j

k + l
+ 0.3, k 	= l,557

j = 1, 2, k = 1, 2, 3, 4, l = 1, 2, 3, 4, W j ∈ WI

}

;558

The activation function satisfies with Assumption [A1] with φk = 2, ψk = 1 (k = 1, 2). By559

employing Theorem 3.1, one can obtains560

6.12 = min
{

Fk + p
i
− ψi

n
∑

l=1

q̂li561
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0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

step

z(
t)

z11(t)

z12(t)

z21(t)

z22(t)

z31(t)

z32(t)

z41(t)

z42(t)

Fig. 1 zk1(t), zk2(t), k = 1, 2, 3, 4

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

0.5

1

1.5

2

2.5

3
||z1(t)||2
||z2(t)||2
||z3(t)||2
||z4(t)||2

Fig. 2 ‖zk (t)‖2, k = 1, 2, 3, 4

−
x

∑

j=1

α jλ
j
i

( N
∑

l=1

V̂ j
lk

)

, k = 1, 2, . . . , N , i = 1, 2, . . . , n
}

> 0,562

2.76 = max
{

φi

n
∑

l=1

r̂li , i = 1, 2, . . . , n
}

> 0,563
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0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

3

step

z(
t)

z11(t)

z12(t)

z21(t)

z22(t)

z31(t)

z32(t)

z41(t)

z42(t)

z51(t)

z52(t)

Fig. 3 zk1(t), zk2(t), k = 1, 2, 3, 4

1.87 = max
{ x
∑

j=1

β jυ
j
i

( N
∑

l=1

Ŵ j
lk

)

, k = 1, 2, . . . , N , i = 1, 2, . . . , n
}

> 0.564

Therefore, it follows from that the system (35) realize robust asymptotical synchronization565

from Theorem 3.1. The computer simulations are depicted in Figs. 1 and 2566

Example 4.2 For the MWCFCNNs with linear coupling delay:567

D0.99zk(t) = −Pzk(t)+ Qg
(

zk(t)
) + Rh

(

zk(t − 0.05)
)

568

+
5

∑

l=1

α1V 1
kl�1zl(t)+

5
∑

l=1

α2V 2
kl�2zl(t)569

+
5

∑

l=1

β1W 1
klϒ1zl(t − 0.05)+

5
∑

l=1

β2W 2
klϒ2zl(t − 0.05)570

− Fk

(

zk(t)− 1

5

4
∑

l=1

zl(t)
)

(36)571

where k = 1, 2, 3, 4, 5, gk(τ ) = hk(τ ) = tanh(τ ) (k = 1, 2), Fk = 0.1, k = 1, 2, 3, 4, 5,572

α1 = 0.6, α2 = 0.5, β1 = 0.7, β2 = 0.5, the matrices are chosen as respectively573

P =
[

7 0
0 7

]

, Q =
[

1.2 −0.3
−1 1.2

]

, R =
[

0.7 0.8
0.6 −1

]

, �1 =
[

0.8 0
0 0.8

]

,574

�2 =
[

1 0
0 1

]

, ϒ1 =
[

0.5 0
0 0.5

]

, ϒ2 =
[

0.1 0
0 0.1

]

.575
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Fig. 4 ‖zk (t)‖2, k = 1, 2, 3, 4

The topology structure of (36) is defined by576

V 1 =

⎡

⎢
⎢
⎢
⎢
⎣

−0.55 0 0.2 0.1 0.25
0 −0.9 0.5 0 0.4

0.2 0.5 −1.1 0.2 0.2
0.1 0 0.2 −0.5 0.2

0.25 0.4 0.2 0.2 −1.05

⎤

⎥
⎥
⎥
⎥
⎦

, V 2 =

⎡

⎢
⎢
⎢
⎢
⎣

−0.5 0 0.1 0 0.4
0 −0.7 0.4 0 0.3

0.1 0.4 −1 0.3 0.2
0 0 0.3 −0.8 0.5

0.4 0.3 0.2 0.5 −1.4

⎤

⎥
⎥
⎥
⎥
⎦

577

W 1 =

⎡

⎢
⎢
⎢
⎢
⎣

−2.2 0 0.7 0.7 0.8
0 −1.3 0.3 0.3 0.7

0.7 0.3 −1.2 0 0.2
0.7 0.3 0 −1.2 0.2
0.8 0.7 0.2 0.2 −1.9

⎤

⎥
⎥
⎥
⎥
⎦

, W 2 =

⎡

⎢
⎢
⎢
⎢
⎣

−0.5 0.4 0 0.1 0
0.4 −0.9 0.2 0 0.3
0 0.2 −0.4 0 0.2

0.1 0 0 −0.3 0.2
0 0.3 0.2 0.2 −0.7

⎤

⎥
⎥
⎥
⎥
⎦

578

The activation function satisfies with Assumption [A1] with φk = 1, ψk = 5 (k = 1, 2).579

Let us choose ξ1 = 4, ξ2 = 3.5, ζ = 1, ς = 0.5, η = 0.2. By means of MATLAB toolbox580

to solve the conditions of LMIs in Theorem 3.10 and the feasible solution is given by581

P =
[

13.3450 0
0 8.5568

]

.582

Therefore the MWCFCNNs (36) is globally synchronized according to Theorem 3.10. The583

computer simulations are presented in Figs. 3 and 4, which confirms the validity of proposed584

results.585

5 Conclusions586

This sequel mainly deals with the robust asymptotical synchronization for coupling delayed587

FOCNNs with multi weights. On the one hand, by a key role of fractional order comparison588
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principle, robust analysis skills, Lyapunov method, and Kronecker product technique, several589

robust asymptotical synchronization and synchronization results are established by the linear590

feedback controller. On the other hand, two kinds of special cases of multi-weighted complex591

structure on FOCNNs with and without linear coupling delays are concerned. Then based on592

proposed models, several synchronization results, both algebraic method and LMI method,593

respectively are demonstrated. Finally, we provide three computer simulations to illustrate594

the correctness of the proposed main results. The proposed approach herein is possible for595

the investigation and application of some other fractional order memristor neural networks596

including adaptive synchronization of fractional-order Cohen-Grossberg memristor based597

coupled neural networks and pinning synchronization of fractional-order memristor based598

coupled complex neural networks. This will occur in the near future.599

Acknowledgements This article has been written with the joint financial support of RUSA-Phase 2.0 grant600

sanctioned vide letter No.F 24-51/2014-U, Policy (TN Multi-Gen), Dept. of Edn. Govt. of India, UGC-601

SAP (DRS-I) vide letter No.F.510/8/DRSI/2016(SAP-I) and DST (FIST - level I) 657876570 vide letter602

No.SR/FIST/MS-I/2018/17.603

References604

1. Huang C, Zhang H, Cao J, Hu H (2019) Stability and Hopf bifurcation of a delayed prey–predator model605

with disease in the predator. Int J Bifurc Chaos 29(7):1950091606

2. Huang C, Zhang H, Huang L (2019) Almost periodicity analysis for a delayed Nicholson’s blowflies607

model with nonlinear density-dependent mortality term. Commun Pure Appl Anal 18(6):3337–3349608

3. Huang C, Qiao Y, Huang L, Agarwal R (2018) Dynamical behaviors of a food-chain model with stage609

structure and time delays. Adv Differ Equ. https://doi.org/10.1186/s13662-018-1589-8610

4. Hu H, Yi T, Zou X (2019) On spatial-temporal dynamics of Fisher-KPP equation with a shifting environ-611

ment. Proc Am Math Soc. https://doi.org/10.1090/proc/14659612

5. Zhu K, Xie Y, Zhou F (2018) Pullback attractors for a damped semilinear wave equation with delays.613

Acta Math Sin Engl Ser 34(7):1131–1150614

6. Cai Z, Huang J, Huang L (2017) Generalized Lyapunov–Razumikhin method for retarded differential615

inclusions: applications to discontinuous neural networks. Discrete Contin Dyn Syst Ser B 22(9):3591–616

3614617

7. Huang C, Su R, Cao J, Xiao S (2019) Asymptotically stable high-order neutral cellular neural networks618

with proportional delays and D operators. Math Comput Simul. https://doi.org/10.1016/j.matcom.2019.619

06.001620

8. Huang C, Yang Z, Yi T, Zou X (2014) On the basins of attraction for a class of delay differential equations621

with non-monotone bistable nonlinearities. J Differ Equ 256(7):2101–2114622

9. Wang J, Huang C, Huang L (2019) Discontinuity-induced limit cycles in a general planar piecewise linear623

system of saddle–focus type. Nonlinear Anal Hybrid Syst 33:162–178624

10. Huang C, Zhang H (2019) Periodicity of non-autonomous inertial neural networks involving proportional625

delays and non-reduced order method. Int J Biomath 12(2):1950016626

11. Zuo Y, Wang Y, Liu X (2018) Adaptive robust control strategy for rhombus-type lunar exploration wheeled627

mobile robot using wavelet transform and probabilistic neural network. Comput Appl Math 37:314–337628

12. Huang C, Liu B, Tian X, Yang L, Zhang X (2019) Global convergence on asymptotically almost periodic629

SICNNs with nonlinear decay functions. Neural Process Lett 49(2):625–641630

13. Lijun P, Cao J, Jianqiang H (2015) Synchronization for complex networks with Markov switching via631

matrix measure approach. Appl Math Model 39(18):5636–5649632

14. Quanxin C, Cao J (2015) Synchronization of complex dynamical networks with discrete time delays on633

time scales. Neurocomputing 151:729–736634

15. Sivaranjani K, Rakkiyappan R, Cao J, Alsaedi A (2017) Synchronization of nonlinear singularly perturbed635

complex networks with uncertain inner coupling via event triggered control. Appl Math Comput 311:283–636

299637

16. Xuegang T, Cao J (2018) Intermittent control with double event-driven for leader-following synchroniza-638

tion in complex networks. Appl Math Model 64:372–385639

123

Journal: 11063 Article No.: 10188 TYPESET DISK LE CP Disp.:2020/1/16 Pages: 27 Layout: Small

https://doi.org/10.1186/s13662-018-1589-8
https://doi.org/10.1090/proc/14659
https://doi.org/10.1016/j.matcom.2019.06.001
https://doi.org/10.1016/j.matcom.2019.06.001


R
ev

is
ed

Pr
oo

f

A. Pratap et al.

17. Li Y, Lou J, Wang Z, Alsaadi FE (2018) Synchronization of dynamical networks with nonlinearly coupling640

function under hybrid pinning impulsive controllers. J Franklin Inst 355(44):6520–6530641

18. Lin S, Huilan Y, Xin W, Shouming Z, Wenqin W (2018) Synchronization of complex networks with642

asymmetric coupling via decomposing matrix method. Chaos Solitons Fractals 111:180–185643

19. Rui Yu, Huaguang Z, Zhiliang W, Yang L (2018) Synchronization criterion of complex networks with644

time-delay under mixed topologies. Neurocomputing 295:8–16645

20. Yi L, Xiaolong Q, Qiang W (2018) Synchronization of delayed complex networks via intermittent control646

with non-period. Phys A 492:1327–1339647

21. Yang C, Huang L, Li F (2018) Exponential synchronization control of discontinuous nonautonomous648

networks and autonomous coupled networks. Complexity 2018:1–10649

22. Li L, Ho DWC, Cao J, Lu J (2016) Pinning cluster synchronization in an array of coupled neural networks650

under event-based mechanism. Neural Netw 76:1–12651

23. Li Y (2017) Impulsive synchronization of stochastic neural networks via controlling partial states. Neural652

Process Lett 46(1):59–69653

24. Li Y, Zhong Z, Lu J, Wang Z, Alsaadi FE (2018) On robust synchronization of drive-response Boolean654

control networks with disturbances. Math Probl Eng, Article ID 1737685655

25. An X, Li Z, Li Y, Zhang J (2014) Synchronization analysis of complex networks with multi-weights and656

its application in public traffic network. Phys A 412:149–156657

26. Dan W, Che W, Hao Y, Li J (2018) Adaptive pinning synchronization of complex networks with negative658

weights and Its application in traffic road network. Int J Control Autom Syst 16(2):782–790659

27. Shui-Han Q, Yan-Li H, Shun-Yan R (2018) Finite-time synchronization of multi-weighted complex660

dynamical networks with and without coupling delay. Neurocomputing 275:1250–1260661

28. Zhen Q, Jin-Liang W, Yan-Li H, Shun-Yan R (2018) Analysis and adaptive control for robust synchroniza-662

tion and H∞ synchronization of complex dynamical networks with multiple time-delays. Neurocomputing663

289:241–251664

29. Song C, Fei S, Cao J, Huang C (2019) Robust synchronization of fractional-order uncertain chaotic665

systems based on output feedback sliding mode control. Mathematics 7(7):599. https://doi.org/10.3390/666

math7070599667

30. Rajchakit G, Pratap A, Raja R, Cao J, Alzabut J, Huang C (2019) Hybrid control scheme for projective668

lag synchronization of Riemann–Liouville sense fractional order memristive BAM neural networks with669

mixed delays. Mathematics 7(8):759. https://doi.org/10.3390/math7080759670

31. Li X, Liu Z, Li J, Tisdell C (2019) Existence and controllability for nonlinear fractional control systems671

with damping in Hilbert spaces. Acta Math Sci 39(1):229–242672

32. Ahmed E, Elgazzar A (2007) On fractional order differential equations model for nonlocal epidemics.673

Phys A 379(2):607–614674

33. Baleanu D, Tenreiro JA, Luo CJ (2012) Fractional dynamics and control. Springer, New York675

34. Magin RL (2010) Fractional calculus models of complex dynamics in biological tissues. Comput Math676

Appl 59(5):1586–1593677

35. Cao Y, Samidurai R, Sriraman R (2019) Stability and dissipativity analysis for neutral type stochastic678

Markovian jump static neural networks with time delays. J Artif Intell Soft Comput Res 9(3):189–204679

36. Cao Y, Samidurai R, Sriraman R (2019) Robust passivity analysis for uncertain neural networks with680

leakage delay and additive time-varying delays by using general activation function. Math Comput Simul681

155:57–77682

37. Li L, Ho DWC, Lu J (2017) Event-based network consensus with communication delays. Nonlinear Dyn683

87(3):1847–1858684

38. Samidurai R, Sriraman R, Zhu S (2019) Leakage delay-dependent stability analysis for complex-valued685

neural networks with discrete and distributed time-varying delays. Neurocomputing 338:262–273686

39. Liang S, Wu R, Chen L (2015) Adaptive pinning synchronization in fractional-order uncertain complex687

dynamical networks with delay. Phys A 444:49–62688

40. Ren G, Yu Y (2017) Pinning synchronization of fractional general complex dynamical networks with689

time delay. IFAC Papers Online 50–1:8058–8065690

41. Wang F, Yang Y, Hu A, Xu X (2015) Exponential synchronization of fractional-order complex networks691

via pinning impulsive control. Nonlinear Dyn 82:1979–1987692

42. Hong-Li L, Cao J, Haijun J, Ahmed A (2018) Finite-time synchronization of fractional-order complex693

networks via hybrid feedback control. Neurocomputing 320:69–75694

43. Yashar T, Mahdi J, Jalil S, Jidong W (2019) Fractional PI pinning synchronization of fractional complex695

dynamical networks. J Comput Appl Math 347:357–368696

44. Yong Y, Yu W, Tianzeng L (2016) Outer synchronization of fractional-order complex dynamical networks.697

Optik 127(19):395–407698

123

Journal: 11063 Article No.: 10188 TYPESET DISK LE CP Disp.:2020/1/16 Pages: 27 Layout: Small

https://doi.org/10.3390/math7070599
https://doi.org/10.3390/math7070599
https://doi.org/10.3390/math7080759


R
ev

is
ed

Pr
oo

f

Multi-weighted Complex Structure on Fractional Order…

45. Ren S, Wang J, Wu J (2018) Generalized passivity of coupled neural networks with directed and undirected699

topologies. Neurocomputing 314:371–385700

46. Weizhong C, Yanli H, Ren S (2018) Passivity of coupled memristive delayed neural networks with fixed701

and adaptive coupling weights. Neurocomputing 313:346–363702

47. Yanyi C, Yuting C, Shiping W, Tingwen H, Zhigang Z (2019) Passivity analysis of delayed reaction–703

diffusion memristor-based neural networks. Neural Netw 109:159–167704

48. Cheng Z, Cao J (2014) Robust synchronization of coupled neural networks with mixed delays and uncer-705

tain parameters by intermittent pinning control. Neurocomputing 141:153–159706

49. Hui L, He Wangli, Han Q, Chen P (2018) Fixed-time synchronization for coupled delayed neural networks707

with discontinuous or continuous activations. Neurocomputing 314:143–153708

50. Shuihan Q, Yanli H, Shunyan R (2018) Finite-time synchronization of coupled Cohen–Grossberg neural709

networks with and without coupling delays. J Franklin Inst 355(10):4379–4403710

51. Fang L, Qiang S, Guanghui W, Cao J, Xinsong Y (2018) Bipartite synchronization in coupled delayed711

neural networks under pinning control. Neural Netw 108:146–154712

52. Shanrong L, Yanli H, Shunyan R (2018) Analysis and pinning control for passivity of coupled different713

dimensional neural networks. Neurocomputing 321:187–200714

53. Yongbao W, Shengxiang F, Wenxue L (2019) Exponential synchronization for coupled complex networks715

with time-varying delays and stochastic perturbations via impulsive control. J Franklin Inst 356(1):492–716

513717

54. Ruan X, Wu A (2017) Multi-quasi-synchronization of coupled fractional-order neural networks with718

delays via pinning impulsive control. Adv Differ Equ. https://doi.org/10.1186/s13662-017-1417-6719

55. Zhang H, Ye M, Ye R, Cao J (2018) Synchronization stability of Riemann–Liouville fractional delay-720

coupled complex neural networks. Phys A 508(15):155–165721

56. Shuxue W, Yanli H, Shunyan R (2017) Synchronization and robust synchronization for fractional-order722

coupled neural networks. IEEE Access 5:12439–12448723

57. Chengbo Y, Jianwen F, Jingyi W, Chen X, Yi Z, Yanhong Gu (2019) Pinning synchronization of nonlinear724

and delayed coupled neural networks with multi-weights via aperiodically intermittent control. Neural725

Process Lett 49(1):141–157726

58. Jin-Liang W, Xiao-Xiao Z, Huai-Ning W, Tingwen H, Qing W (2018) Finite-time passivity and syn-727

chronization of coupled reaction-diffusion neural networks with multiple weights. IEEE Trans Cybern728

49(9):3385–3397729

59. Podlubny I (1999) Fractional differential equations. Academic Press, San Diego730

60. Duarta-Mermoud M, Aguila-Camacho N, Gallegos J, Castro-Linares R (2015) Using general quadratic731

Lyapunov functions to prove Lyapunov uniform stability for fractional order systems. Commun Nonlinear732

Sci Numer Simul 22:650–659733

61. Langville A, Stewart W (2004) The Kronecker product and stochastic automata networks. J Comput Appl734

Math 167:429–447735

62. Manchun T, Qi P (2019) Global stability analysis of delayed complex valued neural networks with nodes736

of different dimensions. Int J Mach Learn Cybern 10(5):897–912737

63. Pan L, Cao J (2012) Stochastic quasi-synchronization for delayed dynamical networks via intermittent738

control. Commun Nonlinear Sci Numer Simul 17:1332–1343739

64. Zhang S, Yu Y, Wang H (2015) Mittag-Leffler stability of fractional-order Hopfield neural networks.740

Nonlinear Anal Hybrid Syst 16:104–121741

65. Xujun Y, Chuandong L, Tingwen H, Qiankun S, Junjian H (2018) Synchronization of fractional-order742

memristor-based complex-valued neural networks with uncertain parameters and time delays. Chaos743

Solitons Fractals 110:105–123744

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and745

institutional affiliations.746

123

Journal: 11063 Article No.: 10188 TYPESET DISK LE CP Disp.:2020/1/16 Pages: 27 Layout: Small

https://doi.org/10.1186/s13662-017-1417-6

	Multi-weighted Complex Structure on Fractional Order Coupled Neural Networks with Linear Coupling Delay: A Robust Synchronization Problem
	Abstract
	1 Introduction
	2 Preliminaries and Problem Statement
	2.1 Basic Tools
	2.2 Problem Statement

	3 Main Results
	4 Numerical Simulations
	5 Conclusions
	Acknowledgements
	References


