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Characterizations of generalized exponential
trichotomies for linear discrete-time systems

Ioan-Lucian Popa, Traian Ceausu and Ovidiu Bagdasar

Abstract

The concept of generalized exponential trichotomy for linear time-
varying systems is investigated in relationship with the classical notion
of uniform exponential trichotomy. Some key properties of generalized
exponential trichotomy are explored through supplementary projections.
These results are also extended to the case of projection sequences, while
certain applications for adjoint systems are suggested.

1 Introduction

The trichotomy concept involves splitting the state space at any moment into
three subspaces (a stable, unstable and a central one) and represents the most
complex description of the asymptotic behavior of linear time-varying (LTV)
systems. The first notable study on the uniform exponential trichotomy (UET)
for discrete-time LTV systems was done by S. Elaydi and K. Janglajew in [5].
Numerous extensions have followed. For example in [7], [12], [13] (and the
references therein), various nonuniform exponential concepts are presented,
where some exponential loss of hyperbolicity along the trajectories is allowed.
Some nonuniform concepts of polynomial type are presented in [15].
Motivated by results obtained by A. Castaneda and G. Robledo in [2] for
generalized exponential dichotomy (GED) for difference equations, this notion
was extended to generalized exponential trichotomy (GET) in [10], where we
have established the relation between this notion and the classical (uniform)
exponential trichotomy from [5]. It should be noted that our notion of GET
is not a kind of nonuniform hyperbolicity. In fact our notion represents a kind
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of uniform hyperbolicity. In this context, we can point out some important
results obtained in this direction in [2], [6].

In this paper we give a simple and concrete example illustrating the rela-
tionship between the concepts of UET and GET. Also, motivated by the lead
given in [5], we present some theorems of characterization for discrete-time
LTV systems in terms of GET. More precisely, we will show in Section 2 how
the mutual orthogonality property matrix projections can be replaced for the
case of the GET property. Also, these characterizations are extend in Section
3 for the case of invariant projection sequences. Subsequently, in the last sec-
tion of the paper a necessary and sufficient condition for GET property for
the dual system is developed. This paper is a companion of our earlier work
[11] where some preliminary results have been presented.

Notations. The notations used in this paper are generally standard. For
the readers’ convenience we recall some of them: Z denotes the set of real
integers, Z, is the set of all n € Z, n > 0, Z_ is the set of all n € Z, n <0,
while R denotes the set of real numbers and ||.|| represents a matrix norm.

2 Generalized exponential trichotomy

Let us consider the LTV system
Tpt+1 = Anx’ru ne Zv (91)

where (A,)nez is a sequence of d X d invertible matrices. By W,, we denote
the fundamental matrix of (), i.e., Wy,11 = A, W,, and Wy = I, where I
represents the identity matrix. Further, we shall consider a strictly positive
sequence (a,)nez satisfying the properties

q
Zaj—>—|—oo as ¢ — +oo for fixed p € Z, (1)
Jj=pr

q
Zaj—>—|—oo as p — —oo for fixed ¢ € Z. (2)
j=p

Definition 2.1. ([10]) The LTV system (2() admits a generalized exponential
trichotomy (GET) on Z if there exist projections (P?), i € {1,2, 3}, satisfying

P'+P*+P*=1 and P'PI = PIP' =0, (3)
for all 4,5 € {1,2,3} with ¢ # j, together with the constants K > 1, p € (0,1),

and a strictly positive sequence (a,)nez satisfying (1) and (2) such that

n

IWa P W < Kpon™ | n >
n m | < Kp , n>m, (4)
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N 3 a;

[WaP"Wo |l < Kp»=" . m > n, (5)

W PPW, | < Kp=r , 0>m>n, (6)

W, PPW, b < Kpi== ", n>m>0. (7)

In order to simplify the notations further we will denote by t,, = > ag,
k=m
for all m,n € Z, with n > m. Also, we point out that the projections P?,
i € {1,2,3}, satistying relation (3) are called supplementary.

One may notice that the LTV system () admits a generalized exponential
dichotomy (GED) if it admits a GET with P? = 0, for all n € Z. The notion
of GED has been introduced by A. Castaneda and G. Robledo in [2]. For
the particular case when a; = o > 0, for any j € Z, we obtain the notion
of a—exponential dichotomy from [8]. For a deeper discussion about discrete
dichotomies we refer the reader to [1], [2], [4], [9] and the references therein.

There are examples of GETs for which a; cannot be replaced by a constant
a, as shown by the example below. For more details one may consult [10].
Consider a sequence (b, )nez satisfying the following properties

e Ifn e Nthen0 < by <b; <...<b, < bn+1 <...<1and (bn)nEZ
monotonically increasing to 1 as n — oo.

e If n € Z\ N then b, =b_,,.

b, nez

1/b, n€Z\N.

It is shown in particular that on R endowed with the Euclidean norm that
the LTV system generated by

We consider (¢, )nez defined by ¢, = {

by, 0 0
A, =10 1/b, 0],
0 0 Cn,

has a GET and not an a—exponential one.

Proposition 2.1. The LTV system () has a GET if and only if there exist
two projections T and T? satisfying T'T? = T?T' and T' + T? — T'T? =
I=T'+T?—-T?T", some constants D > 1, p € (0,1) and a strictly positive
sequence (ap)nez satisfying (1) and (2), such that

[Wa(I = T*)W, M| < Dp'm, n>m, (8)
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[Wn(I =THYW,'|| < Dp'm, m > n, (9)
W, T*W, 1| < Dpi»m 0 >m >n, (10)
W T°W,, M| < Dp', n>m >0, (11)

Proof. Necessity We consider T' = P! 4+ P3 and T? = P? + P3. It can be
easily seen that T' and T2 are projections and T'7? = T2T! = P3. From
P! + P2 + P3 = I we have that

T'+ T2 -T'T? =1 =T"+T? - T°T".
Also, we have that
I-T*=T"-T'T*=P' and I -T'=T°-T°T" = P°.

By direct calculation from equation (4) we obtain (8) and by (5) we get (9).
Finally, by equations (5) and (6) one obtains (10), and similarly by (4) and
(7) it follows that (11) holds.

Sufficiency Let P =T —T? P2 =1 —T" and P3 = T?T! = T'T2. Then
Pt i€ {1,2,3} are supplementary projections.

First note that (8) implies (4) and (9) implies (5). Now, from (9) form =n
we obtain that

W T W | = W (=T W || < (W (I = THW | + I
< Dp* +1<2D.

Analogously, from (8) for m = n we get

W T*W, | = W (=T*HW, | < [Wa(I = T*)W, | + 1]
< Dp*~+1<2D.

Further, for 0 > m > n, by (10) and the two previous inequalities we obtain

W PPWo | = W T W, | = (W, T W, W, T2 W |
< 2D?%ptnm

Finally, for n > m > 0 taking into account (11) we have that
W, PPW, 1| < 2D?*ptmn.

which ends the proof. O
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Proposition 2.2. The LTV system () has a GET if and only if there exist
two projections G' and G? satisfying G'G? = G2G' = G', some constants
D >1,p € (0,1) and a strictly positive sequence (an)nez satisfying (1) and
(2), such that

W, G*W, b < Dpt™», n>m, (12)
[Wo(I = G*)W, || < Dptr, m >, (13)
W (I = GYYW,,!|| < Dp'™, 0>m >n, (14)
|W,,G*W,. || < Dp'™, n>m > 0. (15)

Proof. Let T' and T? be the projections considered in Proposition 2.1. Define
the projections G' and G2 by G' = I — T? and G? = T'. Clearly, these
projections satisfy G'G? = G2G' = G2.

Conversely, suppose that G' and G? are two projections satisfying the
condition G'G? = G?G! = G'. By letting T' = G' and T2 = I — G, it
follows that T'T? = T?T' = G?2 — G' is a projection because

(T1T2)2 _ (G2 _ G1)2 _ GQ _ Gl — T1T2.

Moreover,
T'+T?-T'T?=T'"+T° - T*T" =1.

Therefore, the equivalence between the equations (8)-(11) and (12)-(15) can
be directly obtained. O

Proposition 2.3. For every m € Z* we have that

W o— Am_1Am—2---A1Ag, ifm>0
" (A—lA—2 o Am)_la me <0.

Proof. If m > 0, then

W = Amflwmfl = AmflAmf2Wm71 = ... = AmflAm72 T AIAOWO
= Am—lAm—Q t A1A07

while for m < 0 we have that

Win = A Wiy = AJVALL W = o= ATALL - AT,
= A AL AT = (A Ay )T
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3 Generalized exponential trichotomy with projection
sequences

The principal aim of this section is to give a characterization of GET in terms
of two invariant projection sequences. We begin with some definitions.

A sequence (P,)ncz is called a projection sequence if (P,)? = P,, for
n € Z. A projection sequence (P,)nez with the property P, 14, = A, P,,
for all n € Z is called invariant for the LTV system (2(). Three projection
sequences (P!),ez, i € {1,2,3}, are called supplementary if

P!+ P24+ P3=1, for nez, (16)
P:PI =0, for n€7Z and i,j € {1,2,3}, i # ;. (17)

Proposition 3.1. Let P be a projection. If S,, = W, PW,1, for every
m € Z, then (Sm)mez s a projection sequence such that

Smt1Am = AmSm,
for allm € Z.
Proof. Let m € Z. It is easily seen that S2, = S,,, and
Smi1Am = W1 PW, 1 Ay = (A W) P(W, AL A,
= Ay (Wi, PW, (A A) = Ay S

A property of the invariant projection sequences was reported in [14].

Proposition 3.2. If (P,)nez is an invariant projection sequence for the LTV
system (), then P, = W, PBoW,.t for every m € Z.

Proof. If m > 0, then
Pm = Am—lpm—lA;},l = Am—lAm—QPm—QA;EQA;f,l
=...= Am_lAm_Q e AlA()POAglAl_l CdOtSA;EQA;llil
=W, PBoW, 1,
while for m < 0 we have
P, = A;llAy_nl_y_lpm—i-lAm = A;llA;Li_lpm-‘rQAnL-i-lAm
== ALAL AL ATIRA A s Ao A A
= W, PoW, L.
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The following theorems are the main results of the paper.

Theorem 3.1. The LTV system (A) has a GET if and only if there exist in-
variant and supplementary projection sequences (S¥)mez, k € {1,2,3}, some
constants D > 1, p € (0,1) and a sequence (a,)nez satisfying (1) and (2),
such that

W Wt Syl < Dptrny n>m, (18)
W, Wt Shll < Dptm, m >mn, (19)
W W, So)ll < DpPrm, 0> m >, (20)
W, W, 1S3 | < Dptmn, n>m >0. (21)

Proof. Necessity. Let P* k€ {1,2,3} be projections given in Definition 2.1.
For every m € Z we consider S¥, = W,,P*W -1 k € {1,2,3}. According to
Proposition 3.1, (S¥ ),.cz are projection sequences which satisfy the invariant
property Sk A, = A,,,SF, m € Z. For all m € Z and i,j € {1,2,3} with
i # j, one has

Sl 482 483 =W, (P 4+ P2+ PHW, =1,
53,80 =W, PIW, "W, P'W,." =0,
St SI =W, PW, ‘W, PPW, 1 =0,

hence the projections are also supplementary.
Let m,n € Z. Taking into account that P*W,;! = W,-1S* we obtain that

W, P*wW 1 =w, W, sk

for all k € {1,2,3}. Finally, (18)-(21) follows immediately by (4)-(7).
Sufficiency. Based on Proposition 3.2 we have that P*W,_ 1 = W, 15

for k € {1,2,3}. This leads to W, P*W, .1 = W, W, 1Sk for all k € {1,2,3}.

Setting P* = S¥, by (18)-(21) one readily recovers (4)-(7). O

Remark. (a) By Definition 2.1, for m = n = 0 we have |P*|| < Kp® < K,
for all k € {1,2,3}.
(b) By Theorem 3.1, for m = n we have ||S% || < Dp®» < D, for all k €
{1,2,3}.

Theorem 3.2. The LTV system () has a GET if and only if there exist two
invariant projection sequences (Q%)nez, i € {1,2}, some constants K > 1,
p € (0,1) and a sequence (an)nez satisfying (1) and (2), such that

erz"’_Qi_Q?lei:I’ Q;QZ:Q?’L }m for all n € Z, (22)
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[WoW ' Qull < Mp'™, n>m >0, (23)
W W' Qn || < Mpt»™, 0> m>n, (24)
[WaW, (I = Q)| < Mp'™™, m >n, (25)
W W, N (I = Q7)) < Mptr», n>m. (26)

Proof. Necessity. Let n € Z. We consider Q% = S! + 83 and Q2 = S2 + S3.
One can easily see that QLQ? = Q2QL = 52 and Q. and Q2 are invariant
projection sequences for the LTV system (21). Also, using the supplementary
property we have that

Qn+Qn — Q00 =Q, +Qp — QhQ, = 1.

Further, one can easily observe that I — Q; = S2 and I — Q2 = S}, hence
1Q% N < ISHI + (1S3 < 2D, respectively [|Q7]] < [[SE I + |Sq ]| < 2D.
We have to consider the following cases.

(1) For n > m > 0, using (18) and (21) we have that

W W QLN = W W (S, + S5

m)ll < 2Dptrn.
(2) For 0 > m > n using (19) and (20) we get

W W Q= W Wit (S5, + Sp)ll < 2Dper.

(3) If m > n, then using (19) we obtain

W W (= Qu)ll = IWa W, 2|l < Dp'er.

(4) Finally, for n > m using (18) we deduce that

W W (I = Qo) = W W, 'S0l < Dpte.

Sufficiency. For each n € Z we consider S} =T —Q2, S2 =1 — QL and
S3 =QLQ2 = Q2QL. We firstly observe that

Syt Snt Sy =T-Qn+T-Qu+QuQn=T-Q, - Qu+QQu+I=1
and S¢SJ = S3Si =0, for all i,j € {1,2,3} with i # j. Next, we have that
S£+1An = - szrl)An =An — 721+1A71 = A, (I - Q%) = Ansi'

Similarly, we have that S! A, = A,S), with i € {1,2}. Therefore, S},
i € {1, 2,3} are invariant projection sequences for the system (2(). Also observe
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that for m = n condition (25) implies that ||[I — QL | < Mp%~ < M, i.e.,
QLI < 1+M < 2M. Similarly, from (26) we have that ||Q2,|| < 1+M < 2M.

In order to establish equivalence, first note that (26) and (25) clearly imply
(18) and (19). On the other hand, setting 0 > m > n, (24) becomes

[Wu W SE L < W W Qo - [1Q0 ] < 2MPptm.
Similarly, setting n > m > 0, (23) becomes
W WSl < W Wt Qo - 1Q7, 1 < 2M%p P,

Finally, applying Theorem 3.1 we obtain that system (21) admits a GET, which
ends the proof. O

Theorem 3.3. The LTV system () has a GET if and only if there exist two
invariant projection sequences (R%)nez, i € {1,2}, some constants K > 1,
p € (0,1) and a sequence (an)nez satisfying (1) and (2), such that

RLR? = R2R}. = R%, for all n € Z, (27)
W, W, IRL | < Kptmn, n>m >0, (28)
W, W, 1R2 | < Kplmn, 0>m >n, (29)
W W, NI = Ryl < Kp™™, m >n, (30)
W, W, X (I — R%)|| < KpP=, n>m. (31)

Proof. Necessity. Let n € Z. We set R} = QL and R2 = I — Q2. If follows
from (22), that
RyR; =Q, —Q,Q, =1-Q; =R},
and
RyR, =Q, ~Q,Q,=1-Q) =R},
It can easily be checked the invariant property for R!, i € {1,2}. Also, we
have that ||RL|| < M and ||R2|| <1+ M. Therefore, the equivalence between
the equations (23)-(26) and (28)-(31) can be directly obtained.
Sufficiency. Let n € Z. Setting QL = R. and Q? = I — R? one can show
that
and
QnQn =Ry, — RyR, = R, — R},
Furthermore, QL Q? is a projection sequence satisfying QL + Q% — QLQ? = I.
Hence, QL, Q2 and QLQ? are projection sequences satisfying (22). We also
note that for m = n, by (29) we have that |R2| < Kp%» < K, while from
(30) we obtain ||RL|| < 2K.
Finally, (28)-(31) implies (23)-(26), which completes the proof. O
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4 Generalized exponential trichotomy for adjoint system

If (An)nez is a sequence of d x d invertible matrices with complex elements,
then the adjoint system associated to (21) is given by

Yn = A:zyn+1a n € Z, (Q.))

or, in equivalent form
Yn+1 = (A:;)_lynv n € Z.

If V,, is the fundamental matrix of (9)), then V,, 411 = (A%) "1V, and Vy = I.
Inductively, for m > 0 we have

Vm = (A’Tn—l)il(A:n—2)71 e (AT)il(AS)il = (ASAT e A:‘n—l)il
= (Am-14m—2--- A dg)")" = (W) "

In the same way, for m < 0 we have that V,,, = (W)L

Proposition 4.1. Let P be a projection. For every m,n € Z we have
W PW | = Vi PV,
Proof. We have that
W PW | = [[(Wa PW || = (W) P = [V PV
O

Remark. In what follows, we will describe characterizations of GET property
for the dual system (2)) with adjoint projections (P7)*, j € {1,2,3}. The
arguments of the proof are similar to the arguments used for Proposition 2.1
and thus omitted.

Proposition 4.2. Let (1) be a system admitting a GET with constants K > 1,
p € (0,1), strictly positive sequence (an)nez, and projections P*, k € {1,2,3}
considered in Definition 2.1. Then the adjoint system (7)) also has a GET
with the same constants and projections (P7)*, j € {1,2,3}. More precisely,
we have

[Vin (P V7 < Kptor, n>m,
Ve (P?)*V, | < Kprm, m > m,
Vi (PPY*VL < Kptom, 0> m > n,
Vi (P?)* VY| < Kp'm, n>m >0.
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Proposition 4.3. Let (21) be a system admitting a GET with constants D > 1,
p € (0,1), strictly positive sequence (a,)nez, and projections T*, k € {1,2}
considered in Proposition 2.1. Then the adjoint system (%)) also has a GET
with the same constants and projections ((T7)*), j € {1,2}. More precisely,
we have

[Vin(I = (T*)*)V, M < Dp're, n>m

[Vin(I = (TH* )V, < Dp'm, m>n

[V (T?)*V,, | < Dp'™m, 0> m >n,

[Vin(TY)*V, Y| < Dp*y 0> m > 0.
Let m,n € Z, with m > n and consider

Al =

m

Am—lAm—Q"'Ana if m >n,
1, if m=n.

For m,n € Z one obtains

W,W 1=

m

A if n >m,
(Ar)=Y if m > n.

Proposition 4.4. If (P,)ncz is an invariant projection sequence for the LTV
system (), then for every n > m we have

A?PWL = PnAnma

which is equivalent to
Pm(A?)_l = (Anm)_1Pn~

Proposition 4.5. If (P,)ncz is a invariant projection sequences for the LTV
system (A) then for every n,m € Z we have that

‘|WnW7;1Pm|| = ||VmVn_1P;||,
Proof. If n > m, then
W Wi Pl = (W Wt Pr) || = [1(AT)* Pyl
= (W W) Prll = (WY W Pl = Vi Vi Pyl
and if m > n, then we have
[WaWo Pl = (W W Po)* [l = [[((A7,) ) Pyl
= (W W) Pl = [(W )y W Pyl = Ve Vi P

m
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Proposition 4.6. If (P,)nez is an invariant projection sequence for the LTV
system (A), then (PX)pez is an invariant projection sequence for the LTV

system () ).

Proof. Let n € Z. Using the invariant property P,y14, = A, P, we have that
A Py = PrAj;, which implies that P, (A;)~' = (AF) 1Py O
Remark. The following theorem represents the extension of Theorem 3.1 for
the case of the adjoint system (2)). This result is a natural extension of
Proposition 6.1.1 from [3] for the case of LVT systems with GET. The solution
is very similar to that used for Theorem 3.1, and is therefore omitted. This
property can be easily checked also for Theorems 3.2 and 3.3.

Theorem 4.1. Assume that LTV system () has a GET with supplementary
projection sequences (S¥)mez, k € {1,2,3}, constants D > 1, p € (0,1) and
strictly positive sequence (an)nez, as in Theorem 3.1. Then the adjoint system
() also has a GET with supplementary projection sequences ((S)*)mez,
k€ {1,2,3}, constants D > 1, p € (0,1) and strictly positive sequence (an)nez
satisfying (1) and (2). More precisely, we have

ViV, H(S2)*|| < Dp'mr, no>m,

ViV, H(S2)*[| < Dp'm, m > n,
ViV H(S2)*|l < Dp'm, 0> m > n,
Vi Vi H(S2)*|| < Dp'm», n>m > 0.
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